
 

7 LINEAR QUADRATIC
REGULARIZATION

KALMAN FILTER



Actual
action positionEXAMPLE 1 accelerator

boy Ennet
FollowWL at 7
A TRAJECTORY It

I
o o i

C O IOoo
e t

I
i f I

maid

MIN Hae Ith t Chatti

St Ute It 1 Vt

Vt t de



EXAMPLE 2
TRADING WITH VOLATILITY

Transaction costs
grass

If un
f

Eau't n no

T

Mw Ef att K att Kia.DE lxtta xttkxF
del

St acte Htt at Et
p

BecauseMULHIPUED ISNOT
QUITELOR BUTSTILLFITS



EXAMPLE 3

HEATINGATTHE
CORRECTTEMPERATURE at µ

INFINITE adding
THE TARGET

STATE

D

Mw EFI p Hoa 11

t

ftp.wjEII.NO
t

sit
at see AE c Et

Yt t I It
Noise10
OBSERVATION



LINEARQUADRATICREGULARIZATION CLQR
QUADRATIC

CONSIDER OBJECTIVE

MINIMIZE II Rae t aIQae at Rat
NEAR
VEMENT

SUBJECTTO It Axe Bat E I T

OVER do dt.ie RmsIRoeZ0
A B ARE MATRICES

R Q ARE POSITIVE SEMI DEFINATE MATRICES



SOLVWGLQRTHEOR.CM

THE VALUE FUNCTION IS

Vfx settle x THE
TIMEsoFAR RICCARTI

EQUATION
WHERE A t SATISFIES of
A f Rt AIA A AIA BCQ BIAt.BY3tA A

THE OPTIMAL ACTION IS

a'T QtB B B Ax

Gt



PROT BELLMAN EQUATION IS

G Maw xTRxtatQat Lt AxtBa

or
CLEARLY x xTRx

ASSUME x xIAt x induction

GIVES
t SYMETRIC

MIN xTRx al Qa

txtAAAx 2aTBTAA.at at13 13a

DIFFERENTIATE

0 Tae3 2 Qa 1213 Ax t 2BIAeB a



PROOF CONT IMPLIES

a Qt BEATB BIATA a

SUBSTITUTE IN BELLMAN

EQI.scAt.pc oERxtaIQa
xTAtAeAoc 2aIBTAtAxt a'IBIAtBa
Yunuseats xtAIABEQ BTABTBT.ttA

REQUIREthe

EA t AIA A AIA B Q BIA.PTBIA A x

D



LQR INCLUDING NOISE

MINIMIZE II atRae atQae at Rat
SAME
OBJECTIVA

SUBJECTTO It Axe Bat Et
IRV NOISE

WHERE E Et O

EE EeEE N



SOLVING LQR WITH NOISE

THEOREMI THE VALUE FUNCTION IS

Vfx octA t
x t 8T

WHERE A t a ARE IDENTICAL To CQ R
P

Iron Bretagne without
PRO BELLMAN EQUATION IS

Gc Maw atRoc atQa FELL AxtBaizeD



ASSUME Cx KIAT x 1

GIVES SAMEASBEFORE

xIAt.pe MIN xTRx atQa
84 I xtAAAx 2aBTAA.at atBIA a

EEE E I

Ae Effie trCAIN

SO EQUATINGTERMS
A SATISFIES RICCARTI RECURSION

I trCAIN te D



LQR WITH NOISE IMPERFECTOBSERVATION

MINIMIZE II atRae atQae xIRxt

SUBJECTTO It Axe Bat Et

Yt Cxt

YOU DON'TOBSERVE at
onEt OR ft

YOU OBSERVE ye
ANOISY LINEAR

SOYOU USE INFORMATION
FUNCTIONOFoct

Ft ye yi ah I do



SOLVINGWITH NOISE IMPERFECTOBSERVATION

THEOREMS THE OPTIMAL VALUE FUNCTION IS

HE E xIA.ae EJtIIFloIIootlEItrt
THE OPTIMAL CONTROL IS a't Kt It

HERE Kt A t Tt ARE THE SAMEAS BEFORE

It I KelFe Ot at It

It R AIA A A t

the SEMI DEFNATE



CERTAINTY EQUIVALENCE
Chew't III n EET

THE LAST RESULT IS INTERESTING BECAUSE

a G t I et

f I just USEYOURCONTROLSAMEASFOR BEST ESTIMATEFULLINFORMATION
OF 2e i.e It_EE'tIFT

THIS IS CALLED CERTAINTYEQUIVALENCE
tieYouTREATTHEMENASIFITWASCERTAIN

You STILLNEEDTO BEABLE TO CALCULATE It
WE DOTHIS SHORTLYWITHTHEKALMANFILTER



CERTAWTYCQOIVAl.CN fEauYfIIenma.kEfioEpER'AN

THETERM Eof IE IN f Fe DOESN'T LookGOOD
ItLooksLike

De see It IF at CHANGES THEN Ot
CHANGES IN A WAYTHAT

DEPENDSON ITERMEDIATEACTIONS Ati At 1
MAYBE FINEBUTNOTGOODFOR

HOWEVER NEAT CLOSEDFormsolutions

LEMMA i.LT IS CONSTANT W RI ao att sco

PROOF sci Axe Bae Ee i
A AscentBaez 1 Eea 1 Bae Et i

Ake r A Bai z Bue it A Ee r EE i
i



PROOF cont

x A'x EE EEta II A E
It At xo EIA

t
Bae I IIA TEIE

x It E A tee E EIA EeIE ftp.woosrgaauy

t o E y y au ao T
NOTICE

ye Cat of

cat x EECAFEat CA Ee I
ALSOLET

YE Cata IICA Ee of o Eff
ACTIONS



HEit iiit
age Cao ae

ANYPolicy at_TICE T
y it acoeD

HOWEVER EQUALLY WE COULDTAKE

At PIT y it I Aco t D
facawDeterministic

I e CONDITIONINGON Fe ya aco s ISTHESAMEASCONDITIONINCON Cg 4,1T
SO

E EIA teeIE E EIA tee1g to E EIA tee gioia
Doesn'tDependon

Do x It A tee E EIA Eely I
t o

DOESNOT DEPENDON Action D

NOTICE THEPROOFWORKSBECAUSE

It IS A LINEAR
2

FI OF xe i.ae l E



PROOFOFTHEOREMTHE RESULT ISTRUE ATTIMET
LET'S WORK BACKWARDS BY INDUCTION

ICE Mal EGIRxetaIQat V.IE.nl E
MawtEfxIRoettaTQatELxI.Axe.lEftIE'FloEIooelEI 1 IE

t.IEt0eJTRCxIoe7E E tiTHE CALLTHIS Tee I ForIGNORE
ECAxeibaG.itAxetBaieeHE ITDoesn'tDEPENDONa BYLEMM

EERIE 0IRQ.IE T SocertaintyEEEATAe.Axc.IEt2xEAtAe.Ba EQ ftp.cgceDoesfipepenona atBIA3a t.CN1 THISISEXACTLY
EKIAtA.AE

THESAMEAs

ZIEtABatatBIABa tCNA e.no
LQRCwiTHoc It

MAIN IIRxttatqatoIAAe.AI 2aTBT.ttoI.taTBIAtBa
a Kt
TIeA tie

E RtAA F I 1 trCNA t E oe.Aeoe.IE
Teel ECOeh.peFe



PLOOF cont

IE xIAtxoIET IECOIER ATAt.AT It At It It See
I
t.tw
It D



THEKALMAN FILTER
SO FOR LQG PROBLEMS WE NEEDED

TO KNOW

It Float Ift
WHERE

Oct Axe t Batt t Eti

y t
Cat I

ASSUME GAUSSIAN

EenNG EE An Nco E



THEKALMANFILTERI



ARESOLTABOUTNORMALR.tl

PRoF MGFs D



MAINRESULTONKALMNFKTER

E.in

E xe.nlFee It 4
AS GIVEN IN MEASURE 1 ABOVE



P.ROOF ASSUMING
xtlyco.ts.acoit.is N EtiE

feet Igo t Acoet Aoat 1Battle gait Acoes

N A IetBae ApeAtt E
Fthe tell t

LETS INCLUDE
YETI

YETI Cute t See a
ALSO GAUSSIAN

E yttilycoi.tl9cotD CEE It

yealycoies.aco.es Pee Et

Gov Keelifttilyco.es acoe PtakCT



xeuift.ci ycots.acoeD N GteaitiCItHt It g

THEREFORE PROP25 ii

EalYeo iaco.esNN x yetPfeyeCTffPtuE JCyeei CEteiIe

Nowcomin
onye Pent Pta PeauCITICPeale

NCIe Pe AS REQUIRED
B






