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DeFinrion -

o An Optimal Stopping Problem is an Markov Decision Process where

there are two actions: 4 = 0 meaning to stop, and 4 = 1 meaning to
continue. Here there are two types of costs

c(x, ) = k(x), fora=0 (the stopping cost)
aa c(x), fora=1 (the continuation cost),

This defines a stopping problem.
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RellMan €QuaTion :

Assuming that time is finite, the Bellman equation is
Co(x) = min {k(x), c(x) + E:[Ca (D)1}

for s € N and Cy(x) = k(x).



OSLA & ClLoseD SeTs:

Def 44 (OLSA rule). In the one step lookahead (OSLA) rule we stop
when ever x € S where

S = {x: k(x) < c(x) + E, [k(X)]}.

STop dow CToP NEXT
We call S the stopping set. In words, you stop whenever it is better

stop now rather than continue one step further and then stop.

Def 45 (Closed Stopping Set). We say the set S C X is closed, it once
inside that said you cannot leave, i.e.

P, =0, VYxe S, y¢s.



Prop 46. If, for the finite time stopping problem, the set S given by the
one step lookahead rule is closed then the one step lookahead rule is

an optimal policy. [i+ one <re? Lefr)
d
PRoof . BY IWDUCTION, If s=1 THed OSth 1S SPTIMAL S

SuPPse OSIA IS OPTIMAL fo s | [Le cHou 115 Thue Foil 6+ .

-~ ¢ [AS conTinuide L Nore
I x¢ S Cleary 15 oPTIMALTO ConTwue [A2 Crivit = 0

F xS, Then AL
L, G)= M { ke, G4 ILLcea]

3 eS sive S 15 CLeseD
£ SiNCe OSLA 1S ofPTMAL AT s Sieps
g 2eS oPTmcTo STOP
Ce (;C) = k( ;"\)

A - S oPTiMmML
= MIN {k(x.), c(=) 4 EJ: K(a)]g K(=) %’OP “5165
SINCC ¢ S ST D



OPMIMAL SToPPING- 10 INFINTTE T\ME ;-

Prop 47. If the following two conditions hold

e K = max, k(x) < oo, min, k(x) > 0
e C=min,c(x) >0 v S I8 Cosep,
then the One-Step-Lookahead-Rule is optimal.
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SToPPING A RANDoM WALK

Def 48 (Concave Majorant). For a functionr : {0,..., N} - R, a con-
cave majorant is a function G such that

e G(x) > 3G(x-1)+ 1G(x + 1)
o G(x) > r(x).
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Prop 49 (Stopping a Random Walk). Let X; be a symmetric random
walk on {0, ..., N} where the process is automatically stopped at 0 and
N. For eachx € {0, ..., N}, there is a positive reward of r(x) _for stopping.
We are asked to maximize

E[r(X7)]

where T is our chosen stopping time. The optimal value function V(x)
is the minimal concave majorant, and that it is optimal to stop when-
ever V(x) = r(x).
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YoV IS A ConCAKE MATOUWN.




PRooF (CovT): SUPPase G(x) 1S A CoNCAVE MASOMANT -
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