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DISCoUNTED PRoGRAMMIIG- BeSOLT.

Thrm 43. For a discounted program, the optimal policy V(x) satisfies

V(x) = max {r(x,a) + BE. [V(X)| }
Moreover, if we find a function R(x) such that
R(x) = max{r(x,a) + BB [RX) |}

then R(x) = V(x), i.e. the solution to the Bellman equation is unique,
and we find a function nt(x) such that

7(x) € argmax {r(x, a) + BE,, [R(X)]}
acA

Then 7t is optimal and R(x, 7) = R(x) = V(x) the optimal value function.
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Def 9 (Q-Factor). The Q-factor of reward function R(-) is the value for
taking action a in state x and then at the next step receiving reward
R(X): A

QR(xr a) = ]Ex,a [r(x, a) + IBR(X))] .

Similarly the Q-factor for a policy 1, denoted by Q,(x,a), is given by
the above expression with R(x) = R(x, ). The Q-factor of the optimal
policy is given by

Q'(x,a) = mgx Qx(x,a).
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Some FACTS ON Q-FACTORS

Prop 49. a) Stationary Q-factors satisfy the recursion

Qr(x,a) = Eylr(x,a) + BQr(X, (X))].

b) Bellman’s Equation can be re-expressed in terms of Q-factors as
follows

Q'(x,a) = Eya[r(x,a) + pmax Q(X, a))].
The optimal value function satisfies

V(x) = max Ox.a):

c) The operation

Foa(Q) = Exalr(x, a) + Qx(X, 1(X))]

is a contraction with respect to the supremum norm, that is,

IF(Q1) — F(Q2)ll < 1Q1 - Q2| -



Posive PEOGRAMMI/\)G},

Thrm 50. Consider a positive program the optimal value function
V(x) is the minimal non-negative solution to the Bellman equation

R(x) = max {r(x,a) + BE,, [R(X)] }

Thus if we find a policy m whose reward function R(x, ) satisfies the
Bellman equation. Then it is optimal.
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Thrm 52. Consider a negative program, minimizing positive costs.
For the minimal non-negative solution to the Bellman equation

L(x) = min {I(x, a) + BE.a [L(R)] ] (1.8)
any stationary policy Il that solves the Bellman equation:

7(x) € argmin {c(x,a) + BE, , [L(X)]}
aeA

is optimal.



fﬂ/ogf.‘ vse Roll 6UT .

L(x) = 1’21}1’{1 {c(x,a) + BE,[L(X1)]}

= c(x, 1(x)) + BEy e [L(X1)]
= c(Xo, 7(X0)) + BEx, n(xo) [C(Xlr 1(X1)) + BEx, n(xy) [L(XZ)]]
= Cy(x, 70) + B7E, - [L(X5)]

= CT(xr 7-() + ,BTIEx,n [L(XT+1)] .

Thus

L(x) = Cr(x, ™) + B ExnlL(xr:1)] 2 Cr(x, ) =2 Clx, ).

So the policy has lower cost, and thus is optimal.
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MARA1NGALE PRINCIPLE OF OPTIMALITY

Prop 54 (A Martingale Principle of Optimal Control.). Consider dis-
counted program. Suppose for a bounded function R : X — R we
define a process (M, : t € Z.,) whose increments, AM(X;) := M1 — M;,
are given by

AM(x) = R(x) - BR(2) — r(x, 7(x))

If M, is a supermartingale for all policies ' and, for some 1, M; is a
martingale, then 1t is the optimal policy and R(x) = R(x, 7).



Proof. M, is a martingale [resp. supermartingale] iff
M = i BAM(X,)
5=0
is a martingale [resp. supermartingale]. Taking expecations,
0 < E[M{] = E[R() - B R(Xpe) - Z Br(Xe, m(X.)]
5=0

Rearranging and letting t — oo gives, for 7/,
R() 2 E ) pr(X., m(X.)],
s=0

where the inequality above holds with equality if Mf is a martingale
for some 7w . Thus we see that R(x) > V(x), where V(x) is the value
function for the MDP and R(x) = V(x) = R(x, 7). O
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