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The BLLLMA EQUATION

Prop 74. The HJB equation for the Merton Problem can be written as

0 = max {u(c) — cd,, V) + max {Q(y — 1),V + %02628%,V} — pV + rwd,V

Here the optimal 6 and c are given by
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Prop 75. For a CRRA utility it holds that:
a) The Value function takes the form
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for some position constant y > 0.
b) The HJB equation is optimized by L cer O
ook
0 = 20 (=", J
R
¢ =y *w and sup{u(c) - cd,V} = ﬁyl‘%wl‘R.

c) The HJB equation is satisfied by parameters
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K = 0‘1(y—r).
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To summarize: we notice we have shown that the parameters

w 1

0" = E(f‘z(u -1), ' =yrw, (2.7a)
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o= R {p+(R—1)(r % )} 1= g =) « (2.7b)
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Thrm 97. The parameters in (2.7), above, are optimal for the Merton
problem.
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GENERAL UTILHES :

0= max{u(t O)+V+(rw+0-(u—r)—c)d,V+ IGTGIZ&WV}.
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Lgf u(t,z) = mcax{u(t, c) — zc} X( J(t,z) = V(t, w) — wz Fol  z=0,V(t,w).
Thrm 99. The HJB equation can be written as

0= 1(t,0) + 3y ~ r2de] + S|

Moreover if we suppose that u(t,x) = e P'u(x), for u(x) concave and
increasing, the HJB equation becomes

0=u(y)—pjy) + (e -1yi'y) + = IKI2 21" (y)
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EXAMPLe 2 |nyTeResT BaTe RISk

Ex 78. We consider the Merton investment problem but now the in-
terest rate can vary. Wealth (W, : t > 0) satisfies Wy = w and obeys
the stochastic diff erential equation

dW; = {rtW[ + ([.l = rt)Qt - Ct}dt + QtO'dB;.
and the interest rate obeys the stochastic diff erential equation
dr, = 5(77 = rt)dt + O-rdB:

where B, ¥ and o, are fixed parameters and B} is a standard Brownian
motion with covariation [B}, B;] = nt .
We maximize the utility of a CRRA utility function:

o 1R
V(w,r) = max [E f e Pu(c)ds|\Wy = w,ro =r|, with u(c) = ——.
(()s/cs)sz() 0 1 = R
Show that,
wi-R
V(w,r) = )/(r)1 R

Jor some function y(r), and analyse the HJB equation to find the dif-
JSerential equation that the function y(r) must satisfy.



SolLuTion

Ans 117. First note that
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Setting A = w™ and y(r) = (1 - R)V(1,r) gives
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V(w, 1) = 9(r) 1“’_ =

Ito’s formula gives
dV(Wt, rt) :adeWt + arVdT’t + %aw,de[W]t + awerd[I/V, T’]t + %&,Vd[r]t
=<9wV ¢ [{rtWt + ([J — rt)Qt = Ct}dt + etO'dBt]
+0,V - |B(7 = r)dt + 0,dB]

+%8w,wV . GtZOZdt + Jy,ndt + %(9”03[#



The HJB equation is given by

0= max {u(c) -pV +

E[dV(W,, 11)]
i)

1 1
= max {u(c) -pV + EGZQZQWV + 00,100,V + EofﬁrrV

+ (rw+ O(u —r) =)o,V + B(F - r)8yV} .

The HJB equation gives V(w, r) = y(r)u(w). Optimizing the HJB equa-
tion for c gives

max {u(c) -~ c&wV} = u'(c) = 9,V = & = @) ™2,
Optimizing the HJB equation for 0 gives,

0200,V + 00,10,V + (u—=1)d,V =0
= - ?ORw ™ y(r) + oo, qw ™Ry (r) + (u— Nyw =R =0

ooy (r) + (u—r)y(r)
= g=- 02Ry(r)

Substituting these answers into the HJB equation gives



Substituting these answers into the HJB equation gives

0= max {u(c) = c&zUV} + max {2 0°0%0uV + 00,m00,,V + O(u — 1) wV}

—pV + OZawv + (rw + B(F — 1))0,V

(1-R) (oo,my" + (u—1))
R 202

T=1R

=u(w)Ry + u(w)

1 144 —
— pu(w)y + Eafu(w)y (r) + (rw — (7 — r))u(w)y(r)
which gives the required ODE for y = y(r):

(1 R) (GOrTD/ + (.u - r))Z 1 2.1

0=Ry"R 4 = 2 —pY + 507

+ (rw — B(F — 1))y






