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Chapter 1
Optimal Control

Dynamic Programs; Markov Decision Processes; Bellman’s Equa-
tion; Complexity aspects.

Discrete Time Merton Portfolio Optimization.

Infinite Time Horizon Control: Positive, Discounted and Nega-
tive Programming.

Algorithms: Policy Improvement & Policy evaluation; Value It-
eration; Policy Iteration; Temporal Differences and Q-Factors.

Optimal Stopping; One-Step-Look-Ahead.




1.1. DYNAMIC PROGRAMMING NSW

1.1 Dynamic Programming

e Definition of Dynamic Program.

e Bellman’s Equation.

The Basic Idea.

Let’s discuss the basic form of the problems that we want to solve.
See Figure 1.1. Here there is a controller (in this case for a com-

state
reward

action

Figure 1.1: A control loop.

puter game). It sends actions to an environment (in this case the
computer) which then returns its current state and a reward. Based
on this, the controller selects a new action; the environment then
returns its next state and reward and so on it goes. We want to find
a sequence of actions that maximizes the sum of these rewards.

This interaction between states, actions and rewards are the
key building blocks of dynamic programming, Markov decision pro-
cesses, and much of the topics in rest of these notes. In each of
these, our task is to optimize the sequence of rewards that we re-
ceive over time.

An Introductory Example

Let’s solve a simple dynamic program. In the figure below there is a
tree consisting of a root node labelled R and two leaf nodes colored
grey. For each edge, there is a cost. Your task is to find the lowest
cost path from the root node to a leaf.
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There are a number of ways to solve this, such as enumerating
all paths. However, we are interested in one approach where the
problem is solved backwards, through a sequence of smaller sub-
problems. Specifically, once we reach the penultimate node on the
left (in the dashed box) then it is clearly optimal to go left with a
cost of 1. This solves an easier sub problem and, after solving each
sub problem, we can then attack a slightly bigger problem. If we
solve for each leaf in this way we can solve the problem for the
antepenultimate nodes (the node before the penultimate node).

Thus the problem of optimizing the cost of the original tree can
be broken down to a sequence of much simpler optimizations given
by the shaded boxed below.

From this we see the optimal path has a cost of 5 and consists of
going right, then left, then right.

Let’s consider the problem a little more generally in the next fig-
ure. The tree on the righthand-side has a lowest cost path of value
Ly and the lefthand-side tree has lowest cost Ly, and the edges
leading to each, respective tree, have costs /,;; and [j;;. Once the
decision to go left or right is made (at cost /5 or lj;) it is optimal to
follow the lowest cost path (at cost L, or Lys). So L, the minimal
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cost path from the root to a leaf node satisfies

L= min {l,+L,}.
a€{lhs,rhs}

right

I|e“\OR/|rigm

Similarly, convince yourself that the same argument applies from
any node x in the tree network that is

L, = ge%;,%s} {lu + Lx(a)} .
where L, is the minimum cost from x to a leaf node and where for
a € {lhs, rhs} x(a) is the node to the lefthand-side or righthand-side of
x. The equation above is an example of the Bellman equation for this
problem, and in our example, we solved this equation recursively
starting from leaf nodes and working our way back to the root node.

The idea of solving a problem from back to front and the idea of
iterating on the above equation to solve an optimisation problem
lies at the heart of dynamic programming.
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Definitions for Dynamic Programming

We now give a general definition of a dynamic programming.

States, actions, rewards and next states. We consider a discrete,
finite set of times t =0,1,...,T. We let x and X denote the state and
set of states. We let x; € X be the state of our dynamic program at
time . We let 2 and A denote an action and set of actions. The (in-
stantaneous) reward for taking action 4 in state x is r(g, x). Further,
r(x) is the reward for terminating in state x at time T.! If action a is
taken when in state x then the next state in X, which we denote by
%, is given by

%= f(x,a), (Plant eq)

for a function f : X x A — A. This is sometimes called the plant
equation of the dynamic program.

Policy, cumulative reward and value function. A policy = (7 :
t=0,.., T-1) choses an action 7;; at each time t =0, 1, ..., T-1. Starting
from an initial state x,, a the policy gives a sequence of states

Xee1 = f(xp, 7). (1.1)
We evaluate how a good each policy is by the sum of its rewards:
R(xg, 1) := r(xo, 7o) + 7(x1, T01) + .. + 7(X7-1, TT7-1) + 7(X7T)

Given the cumulative reward function R(x, ), we define the value
function to be the maximum reward:

V(xo) = max R(xy, 7).

The main objective of dynamic programming is to solve this opti-
mization. To do this, it helps to consider the future rewards and
value after each time t, which we respectively define by

~

1
Ri(x;, 1) = r(xs, 1) + r(xr), Vi(xy) = mnax Ri(xt, ).
—t

1]
~

S

Dynamic Program Definition. We summarize the discussion above
with the following definition.

ISince we do not allow further actions from time T onwards, we can ignore the
dependence on a.
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Def 1 (Dynamic Program). Given initial state x,, a dynamic program
is the optimization

T-1
V(xp) := Maximize R(xp, ) := r(x;, 7t;) + rr(xr) (DP)
t=0
subject to Xer1 = f(xe, 1), t=0,...,T-1
over i € A, t=0,..T-1

Further, let R,(x;, ) (Resp. V.(x;)) be the objective (Resp. optimal
objective) for (DP) when the summation is started fromt = T — t,
rather than t = 0.

The Bellman Equation

In our introductory example, we saw we could solve a dynamic pro-
gram by a sequence of much simpler optimizations. The resulting
sequence of equations is called the Bellman Equation. The Bellman
equation is central to the study of control problems. The following
result gives shows the optimality of the Bellman Equation for dy-
namic programming.

Thrm 2 (Bellman’'s Equation). Vy(x) = rr(x) and fort =T -1,...,0

Vi(x) = m%qx {r(x,a) + V,.1(2)}, (Bell eq)
wherex € X and % = f(x,a).
Proof. Let T 1= (TCT_t, ceey 'RT_l). Note that Rt(x, ﬂ't) = V(x, nT_t)+Rt_1 (52, 7Tt_1).

Vi(x) = max {R¢(x, 7)} = maxmax {r(x,a) + Ri—1(&, 1)}

= max {r(x, a) + max R;_1(%, m_l)} = max {r(x,a) + V,_1(%)}.
a -1 a

Some Code

Below is some code (in Python) to solve a dynamic program. Notice
we can solve the dynamic program by repeatly calling the function
DP() until the solution is trivial at time=0.
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def DP(time, state ,f,r,A):
Solves a dynamic program

if time > O :

Q = [ r[state][action] + DP(time—-1, f[state][action]) for
action in A ]
V = max(Q)
else :
Q = r[state]
V = max(Q)
return V

The Principle of Optimality

Dynamic programming and the Bellman equation was invented by
Richard Bellman. Bellman concisely summarizes why and when we
expect the Bellman equation to hold for an optimization problem:

“Principle of Optimality: An optimal policy has the
property that whatever the initial state and initial deci-
sions are, the remaining decisions must constitute an
optimal policy with regard to the state resulting from the
first decisions." — Richard Bellman [3]

A good example is to see what this means is to consider shortest
paths and longest paths in an undirected graph. See Figure 1.2.
The shortest path from S to D is colored grey. Notice that this con-
tains the shortest path from B to D, i.e. once we get from S to B
what remains of the optimal solution is to take the shortest path
from B to D. Here we see that shortest-path problems satisfy is the
principle of optimality. So, we can apply the dynamic programming
and the Bellman equation to solve shortest path problems.

Notice, however, the longest path (without loops) from D to S
contains B, but this does not take the longest path from B to S.
So we cannot apply dynamic programming to solve longest path
problems on an (undirected) graph.

10
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Figure 1.2: Shortest path from S to D.

The Curse of Dimensionality

Another term coined by Bellman is The Curse of Dimensionality. Al-
though this used as a generic term applicable to many algorithms, it
is particularly true of dynamic programming. Essentially the point
is that as the size of a dynamic programming problem grows — in
terms of thee number of states and its time horizon - then the com-
putation required to solve the optimization grows in unreasonably
rapidly and usually exponentially. E.g. for our introductory exam-
ple of a tree, if we let there be n nodes that can reached after each
action and let the depth of the tree be T, then the number of Bell-
man equations that we need to solve to find the minimum cost path
from the root node is, roughly, of the order of n’.

Thus to apply the dynamic programming, we need to either con-
sider optimization problems that have additional structure that makes
them easier to solve, or we need to find ways to approximating the
solution to these problems. We will consider both of these ap-
proaches in these notes.

Other Observations

Let’s list a few more properties and smaller observations about dy-
namic programming.

Minimization. Notice we can change the definition of a dynamic
program to minimize costs c(x,a) rather than maximizing rewards
r(x,a). You can check that, in this case, the Bellman equation be-
comes
Ly(x) = min {c(x,a) + L1 (%)}
aeA

General functions. So far we have assumed that the transition
and reward function depends only on the current state x and the

11
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action taken a. Notice that the Bellman equation holds equally when
we consider rewards that depend on time t and the next state £
also. Also we can let the transition function f and the set of actions
depend on time f. This gives the Bellman equation

Vi(x) = max {r(x,,2) + Vi ()]
acA;

where £ = fi(x,a). (You can check that the above “more general" for-
mulation and definition given previously are equivalent by an ap-
propriate choice of state space, action space and rewards.)

Dynamic Programming Examples

Ex 3. An investor has a _fund. It has x pounds at time zero. Money
can't be withdrawn. It pays rx100% interest per-year for T years. The
investor consumes proportion a; of the interest and reinvests the rest.
What should the investor do to maximize consumption?

Ex 4. You invest in properties. The total value of these properties is
x; inyeart=1,..,T. Each year t, you gain rent of rx; and you choose
to consume a proportion a; € [0,1] of this rent. The remaining propor-
tion is reinvested in buying new property. Further you pay mortgage
payments of mx; which are deducted from your consumed wealth.
Here m < r. Your objective is to maximize the wealth consumed over
T years. Prove that if Wr_s(x) = xp, for some constant p; then

ps = max{r —m + ps_1, (1 + 1)ps—1 — m}.

Ex 5 (Shortest Paths). Consider a directed graph G = (V, E) each edge
has a cost, c¢;; for each (i, j) € E. Take a vertexd. Let L; be the length
of the shorest path fromi to d and let L;(t) be the shortest path _from i
tod that uses t steps.

i) Argue that Li(t) satisfies, L;(t) = 0 and

Li(t + 1) = ]1;11’,1]1)16'1}; {Cij + L](t)} , fOrl #d.

(Here you may assume that L;(t) = 0 for allt > 0 and L;(t) = co unless
assigned a value in the above set of equalities.)

12
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ii) In addition to satisfying L; = 0, argue that L; satisfies the equations

L; = min {¢;; +L; ori#d.
](1])€E{ J } J

iii) Your answer to part ii) describes a algorithm called the Bellman-
Ford algorithm. Use it to find the shortest path from node a to node
d in the following graph

Ex 6 (Scheduling). There are N appointments that need to be su-
cessively scheduled over time. Each appointmenti = 1,..., N requires
t; units of time and when completed has reward r;. Given discount
Jactor € (0,1), the total reward arragning the appointments in order
2,..,Nis
R(l, ceey N) = Tlﬁtl + 7’25t1+t2 + ...+ T’Nﬁt]+"'+tN,

i) Write down a dynamic program for the optimal discounted reward.
(Here let W(S) be the optimal reward when S C {1, ..., N} is the remain-
ing set of unassigned appointments.)

ii) Argue that it is optimal to order appointments so that the indices

rip"(1 - p)

indexed from highest to lowest.

13
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Ex 7 (Discrete time LQ-regularization). We consider discrete time LQ
minimization, here you minimize the objective
T-1
min x; Rz + Z[mtTRmt +a/ Qay]

ap,--,aT-1 =0

SUbjeCt to LTyl = Awt + Btat, t= O, ceey T-1

Here R and Q are positive semi-definate matrices.

i) Show that the Bellman equation for this dynamic program is

Li(z) = min{z 'Rz + a' Qa + L11(Ax + Ba)}

ii) Assuming the solution is of the form L,(x) = x" Ayx find the action
that a minimizes the above Bellman equation is given by

a=(Q+B"AB)'BTAAx
iii) Using your answer to Part ii), show that
A1 =R+ ATAA - (ATAB)(Q + B'AB) 'B'AA.

This is the Riccarti Recursion (the discrete time analogue of the Ric-
carti equation).

Ex 8 (Critical Path Analysis / Longest Paths). A project consists
of a number of tasks that must be completed in a specified order.
This is represented by a directed acyclic graph G = (V,E). Each task
j € V takes an amount of time c(j) to complete and the task cannot
be started until all its parent tasks par(j) = {i : (i,j) € E} have been
completed. We also let ch(j) = {k : (j, k) € E} be the children of task j.

We let EST(j) and EFT(j) represent the earliest start time and ear-
liest finish time for task j.

i) Show that

EST(j) = max{c(i) + EST(i)},
iepar(j)

EFT(j) = c(j) + max EFT(),
i€par(j

with EST(j) = 0 and EFT(j) = c(j) if par(j) is empty.

14
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ii) Let L = max; EFT(j), the time that the project is completed. We let
LST(j) and LFT(j) be the latest start time and latest finish time for
task j (where the project is completed at time L). Give the equivalent
expressions to those found in part i), for the latests start and finish
times.

The critical path is said to be the set of tasks such that
EST(i) = LST(), EFT(i) = LFT(i)

iii) Find the earliest start and finish times, and then find the latest
start and finish time for the following example:

Task | Time | Parents
a 1 -

b 3 a

c 1 a

d 2 c

e 1 c

f 3 b,c
g 2 d.e
h 1 fg

iv) Find the critical path for the example from part iii).

Ex 9 (Forward Dynamic Programming). Notice that in the Bellman
equation we consider

Vi(xy) = amgTX] r(xe, ap) + ... + r(xr-1,ar-1) + r(xr)
FreeeAT—

and we can recursively work out V;, backwards fromt =T -1,...,1.
However, suppose that we start with

Ui(x;) = max r(xo,a0) + r(x,a1) + ... + 1(X-1, 85-1)
Qseee/tbt—1
where x, is fixed and it is assume that x; is the next state after taking
action a;_; from state x;_;. (If no such solution — from x, to x; int steps
— exists then we set U,(x;) = —o0)
Show that

Ui(x;) = max {Up—1(xp—1) + (X1, a4-1)}

X181 f (Xp-1,8-1) =X

15
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and Uy(xp) = 0, and notice that

Vr(x) = max {Ur-1(x1-1) + r7(x7)}
ar_1:f(xr_1,a7-1)=XT

This approach to solving a dynamic program is sometimes referred to
as Forward Dynamic Program, because the iteration proceed forward
from their initial state x.

Show (after reading the section on Markov decision processes),
that we cannot apply this forward dynamic programming approach
to MDPs.

Remark 10. Notice that the above approach has advantages over
the Backward approach taken in the Bellman equaion above that is
because we can start_from an initial state x, and then work out_future
states iteratively through taking different actions. This is different
from the backward version where in principle we have to know all the
states that the dynamic program will go to even if we do not know that
they will actually be visited from state x, (which may not be feasible
in the case of infinite state-spaces).

References and Further Reading.

Much of the theory of dynamic programming and Markov decision
processes was laid out in the 1950’s by Richard Bellman. An excel-
lent early account of the field by Bellman is [3]. The textbooks of
Whittle [46] and Bertsekas [5] are noteworthy modern treatments
of the field.
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1.2 Markov Chains: A Quick Review

e Discrete-time Markov chains; The Markov property.

e Jump-chain construction; Potential Theory; Martingale Prob-
lems.

Introductory example: snakes and ladders

We highlight some of the key properties of Markov chains: how to
calculate transitions, how the past effects the current movement of
the processes, how to construct a chain, what the long run behavior
of the process may (or may not) look like. We give an initial example
to better position our intuition.

Below in Figure 1.2, we are given a game of snakes and ladders
(or shoots and ladders in the US). Here a counter (coloured red) is
placed on the board at the start. You roll a dice. You move along the
numbered squares by an amount given by the dice. The objective is
to get to the finish. If the counter lands on a square with a snake’s
head, you must go back to the square at the snakes tail and, if
you land on a square at the bottom of a ladder, go to the top of the

ladder.
9 \)o \Dc 1 END
QLA i

SfM{.l'sz\ A

b —

We let X; be the position of the counter on the board after the dice
has been thrown ¢ times. The processes X = (X; : t € Z) is a discrete
time Markov chain. Two things to note: First, note that given the

17
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counter is currently at a state, e.g. on square 5, the next square
reached by the counter — or indeed the sequence of states visited
by the counter after being on square 5 — is not effected by the path
that was used to reach the square. I.e. This is called the Markov
Property. Second, notice each movement of the counter from one
state is a function of two pieces of information the current state
and the independent random roll of the dice. In this way we can
construct (or simulate) the random process.

Definitions
Let X be a countable set. An initial distribution

A=(A:xeX)

is a positive vector whose components sums to one. A transition
matrix P = (P, : x,y € X) is a postive matrix whose rows sum to one,
that is, for x e X

Y Py=1

yeX

With an initial distribution A and a transition matrix P, you can
define a Markov chain. Basically A, determines the probability the
process starts in state x Vand P,, gives the probability of going to y
if you are currently in state x.

Def 11 (Discrete Time Markov Chain). We say that a sequence of
random variables X = (X; : t € Z.) is a discrete time Markov chain,
with initial distribution A and transition matrix P if for x, ..., x;41 € X,

P(Xo = x0) = Ao
and
P(Xii1 = xalXe = x4, ..., Xo = x0) = P(Xe1 = x| Xs = x1) (Markov)
= men

The condition (Markov) is often called the Markov property and
is the key defining feature of a Markov chain or, more generally,
Markov process. It states that the past (X, ..., X;—1) and future X;,;
are conditionally independent of the present X;. Otherwise stated,
is says that, when we know the past and present states (Xj, ..., X;) =

18
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(xo, ..., x1), the distribution of the future states X;,1, X}z, ... is only de-
termined by the present state X; = x;. Think of a board game like
snakes and ladders, where you go in the future is only determined
by where you are now and not how you got there; this is the Markov

property.

The following proposition shows that the evolution of a Markov
chain can be constructed from its the current state and an inde-
pendent “dice throw".

Prop 12 (Constructing Markov Chains). Take a function f : X X
[0,1] = X, X, a random variable on X, and (U;);», independent uni-
Jorm [0,1] random variables. The sequence (X;);so constructed with
the recursion

X1 = f(Xe, Uy) Jor t=0,1,2,..

is a discrete time Markov chain. Moreover all discrete time Markov
chains can be constructed in this way.

The following proposition will be useful when we want to sum up
a long sequence of rewards.

Prop 13 (Markov Chains and Potential Functions). Forr: X — R be
a bounded function and for g € (0,1),

R() = E, [Z ﬁtr(Xt)} (1.2)
t=0
is the unique solution to the equation
R(x) = B(PR)(x) + r(x), xeX. (1.3)
Moreover, if function R : X — R, satisfies
R(x) = B(PR)(x) + r(x), x € X.
then R(x) > R(x), x € X.
Before we embark on the proof a couple of quick remarks.

Remark 14. e Notice the expression (1.3) can equivalently be written
as
R(x) = r(x) + BE[R(%)], VYx € X.

e For the “moreover” part above we can also switch the inequality.
You can check in the proof that if R is bounded and such that

R(x) < B(PR)(x) + r(x), x € X.

19
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then R(x) < R(x), x € X.
e The reward function can be generalized to the form r(x, ), so the
next state is included in the reward. Equation (1.3) now becomes

R(x) = E[r(x, %) + BR(®)], xeX.

Proof. First note that for R(x) in (1.2)

R(3) = r(3) + Eo| ] i B[4 | = 1) + B BROG)| = ) + BPRI).
t=1

So R(x) is a solution to (1.3).
Now take any solution R then R — R = BP(R — R). So

IR =Rl < Y PyIR(y) = RW)I < IR = Rllw
y

which, since f < 1, only holds if R = R. So the solution is unique.
Finally, suppose that R is a positive function such that R(x) >
r(x) + BPR(x). Repeated substitution gives

5t7’(Xt)] + ,BTHlEx[R(XTH)]

%) — R@.

O

There is a close link between Markov chains and martingales, which
is often useful for analyzing cumulative rewards.

Prop 15. Given a bounded function R : X — R, we define

T-1

M; = R(Xo) = B'R(Xp) = ) B'r(Xy).

=0
If M, t € Z., is a martingale then

R(x) = E, [Z ﬁtr(Xt)} (1.4)

t=0

Conversely, if R(x) satisfies (1.4) then M;, t € Z., is a martingale.

20
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Proof. If M;, t € Z,, then
T-1
0= E.[M] = R(X) - E[p'R'(X)] - E[ ) p'r(Xy)]
t=0

The term IE[ﬁTR’(XT)] goes to zero, by the Dominated Convergence
Theorem. So

R =B Y %)),
Conversely, if h
R = B[ Y prx)].
then by Prop 13, R(x) = r(x) + /3]Ex[1tz:(oxl)]. Applying this gives
E[Mi = MilX,| = E[f'R(X) = B R(Xin1) = Br(X)IX)]

= BR(X) - BEx [R(Xe)] = r(X)] = 0.

Markov Chain Examples.

The following is an alternative formulation of the previous proposi-
tion.

Ex 16. Let dX be a subset of X and let T be the hitting time on dX i.e.
T = inf{t : X; € dX} and take f : X — R, argue that

R() = E, [Z (%) + FXHLIT < oo

t<T
solves the equation
R(x) = (PR)(x) + r(x), x ¢ 0X (1.5)
R(x) = f(x), xeX. (1.6)

There is a close connection between Markov chains and Mar-
tingales that we will want to use later when considering Markov
Decision Processes.

21
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Ex 17 (Markov Chains and Martingale Problems). Show that a se-
quence of random variables X = (X; : t € Z.;) is a Markov chain if and
only if, for all bounded functions f : X — R, the process

t—1

M = f(X,) - f(Xo) = Y (P~ Df(X:)

7=0

is a Martingale with respect to the natural filtration of X. Here for any
matrix, say Q, we define

Qf(x) =Y QufW).

yeX

References

This section is intended as a brief introductory recap of Markov
chains. A much fuller explanation and introduction is provided in
standard texts e.g. Norris [31], Bremaud [10], or Levin & Peres
[27]. The analysis of rewards and Markov processes is particularly
studied by Doob [14].
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1.3 Markov Decision Processes

e Definition of Markov Decision Process.

e Bellman’'s Equation.

Markov decision processes are essentially the randomized equiv-
alent of a dynamic program. Let’s first consider how to randomize
the tree example introduced in Section 1.1.

A Random Example

Below is a tree with a root node and four leaf nodes colored grey.
At the route node you choose to go left or right. This incurs costs
4 and 2, respectively. Further, after making this decision there is
a probability for reaching a leaf node. Namely, after going left the
probabilities are 0.5 & 0.75, and for turning right, the probabilities
are 0.25 & 0.75. For each leaf node there is there is a cost, namely,
2,3,6, and 1.

Given you only know the probabilities (and not what happens when
you choose left or right), you'd want to take the decision with lowest
expected cost. The expected cost for left is 4 +0.5x2+0.3x3 =55
and for right is 2 +0.25x 6 + 0.75 X 1 = 4.25. So go right.

Below we now replace the numbers above with symbols. At the
route node you can choose the action to go left or right. These,
respective, decisions incur costs of /iy and Ilyign¢. After choosing left,
you will move to state A with probability pis4 Or to state B with
probability pieri g and similarly choosing right states C & D can be
reached with probabilities pies,c & piert,p. After reaching node A (resp.
B,C,D) the total expected cost thereafter is Ly (resp. Lg, L¢c, Lp).
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The cost from choosing “left" is :

letc + PretaLa + Prefi,sL = left + Eiett[Lieft]

and the cost for choosing “right" is:

Liight + Pright ALA + PrightBLB = Lright + Erignt[Lright]-
The optimal cost is the minimum of these two is

LR = ge{lg‘},igilght} {la + IEa [an]} .
where here the random variable X, denotes the state in {A, B, C, D}
reached after action is taken. Notice how we abstracted away the
future behaviour after arriving at A, B, C, D. Into a single cost for
each state: Ly, Lg, Lc, Lp. And we can propagate this back to get the
costs at the route state R. I.e. we can essentially apply the same
principle as dynamic programming here.

24



1.3. MARKOV DECISION PROCESSES NSW

Definitions

A Markov Decision Process (MDP) is a Dynamic Program where the
state evolves in a random (Markovian) way.

Def 18 (Markov Decision Process). Like with a dynamic program, we
consider discrete times t = 0,1, ..., T, states x € X, actions a € ‘A and
rewards r(x,a). However, the plant equation and definition of a policy
are slightly different. Like with a Markov chain, the state evolves as
a random function. Here

Xi = f(Xp, a5 Uy) = f(Xy,a4)

Jor current state X; and action a; and where (U;);»o are IIDRVs uniform
on [0,1]. This is called the Plant Equation.

A policy t choses an action 1i; at each time t as a_function of past
states xy, ..., x; and past actions n, ..., 7;_1. We let P be the set of poli-
cies. A policy, a plant equation, and the resulting sequence of states
and rewards describe a Markov Decision Process.

Rmk 19. As noted in the equivalence above, we will usually suppress
dependence on U;. Also, we will use the notation

Ey, o [G(Xi41)] = BIG(f (v, a5 U)]  and  E.[G(X)] = EIG(f(x,a; U))]

where here and here after we use X to denote the next state (after
taking action a in state x). Notice in both equalities above, the term on
the right depends on only one random variable, U.

Objective is to find a process that optimizes the expected reward.

Def 20 (Markov Decision Problem). Given initial state x,, a Markov
Decision Problem is the following optimization

T-1

Z V(Xt, T(t) + T’(XT)

t=0

V(xo) =Maximize Rry(xo,I1):=E (MDP)

over ITe®.

Further, let R.(x,I1) (Resp. V.(x;)) be the objective (Resp. optimal ob-
jective) for (MDP) when the sumunation is started fromtimet =T — t
and state Xr_, = x, rather thant = 0 and X, = x. We often call V to
value function of the MDP.
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The next result shows that the Bellman equation follows essen-
tially as before but now we have to take account for the expected
value of the next state.

Thrm 21 (Bellman Equation). Setting Vy(x) = r(x) fort=1,..,T
Vi(x) = max {r(x,a) + By | Vir (R) ]} (Bell eq.)
aeA

This equation is Bellman’s equation for a Markov Decision Process.

Proof. Let P; be the set policies that can be implemented from time
T —t to T. Notice it is the product actions at time t and the set of
policies from time t + 1 onward. [That is $; = {(r;, I1) : [T € Py, 71, -
Xt x ATt - Al] So

~

1
(X, ) + r(X7)

—t

Vi(x) = max E
t() TLep, X, TUT—¢

t

T-1
max max {IEXT_hnT_t [EXTf+lrnTt+l lr(xT_t, Tr—t) + Z r(Xe, 1) + r(XT)H}

ot Py T=T—t+1

Il
~

T-1
= maxr(xy,a) + E, ,| max Ex, ., 7., r(Xe, o) + r(X7)
acA [TeP; 4 i}
=Vi1(X)

2nd equality uses structure of #;, takes the r term out and then
takes conditional expectations. 3rd equality takes the supremum
over $;_1, which does not depend on 7, inside the expectation and
notes the supremum over 7, is optimized at a fixed action a € A (i.e.
the past information did not help us.) O
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MDP Examples

Ex 22. You need to sell a car. At every timet =0,...,T -1, you set a
price p; and a customer then views the car. The probability that the
customer buys a car at price p is D(p). If the car isn't sold be time T
then it is sold for fixed price Vi, Vr < 1. Maximize the reward from
selling the car and find the recursion for the optimal reward when

D(p) = (1 -p)..

Ex 23 (Call Option). You own a call option with strike price p. Here
you can buy a share at price p making profit X; — p where x; is the
price of the share at time t. The share must be exercised by time T.
The price of stock X; satisfies

X1 = Xp + €&

Jore; IIDRV with finite expectation. Show that there exists a decresing
sequence {a;}o<;<7 such that it is optimal to exercise whenever X, > a
occurs.

Ex 24. You own an expensive fish. Each day you are offered a price
Jor the fish according to a distribution density f(x). You malke the
accept or reject this off er. With probability 1 —p the fish dies that day.
Find the policy that maximizes the profit from selling fish.

Ex 25. Indiana Jones is trapped in a room in a temple. There are n
passages that he can try and escape from. If he attempts to escape
Jrom passage i € {1,...,n} then either: he esacapes with probability
pp; he dies with probability q;; or with probability r; = 1 — p; — q; the
passage is a deadend and he returns to the room which he started
Jfrom. Determine the order of passages which Indiana Jones must try
in order to maximize his probability of escape.
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1.4 Infinite Time Horizon

¢ Discounted Programming, Positive Programming, Negative Pro-
gramming, Average Programming.

e Conditions for the Optimality of the Bellman Equation.

Thus far we have considered finite time Markov decision processes.
We now want to solve MDPs of the form

(o]

V(x) = maximize R(x,IT) := E, [; (X, nt)] .

In the above equation the term g is called the discount factor.
We can generalize Bellman’s equation to infinite time, a correct
guess at the form of the equation would, for instance, be

V(ix) = max {r(x, a) + BE,, [V(f()] }, xelX.

Previously we solved Markov Decisions Processes inductively with
Bellman’s equation. In infinite time, we can not directly apply in-
duction; however, we see that Bellman’s equation still holds and we
can use this to solve our MDP.

Discounted Programming
For now we will focus on the case of discounted programming:

Def 26 (Discounted Program). A discounted program is a MDP with
bounded rewards and a discount factor that is smaller than 1

< d €(0,1).
max Ir(x,a)l <o an p<(0,1)

We will cover other cases where = 1 later. At this point it is
useful define the concept of a Q-factor. A Q-factor of a policy 7 is
the reward that arises when we take action a from state x and then
follow policy .
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Def 27 (Q-Factor). The Q-factor of reward function R(-) is the value
Jor taking action a in state x and then at the next step receiving reward
R(X): A
Qr(x,a) = Eya[r(x, a) + BR(X))].

Similarly the Q-factor for a policy 1, denoted by Q.(x,a), is given by
the above expression with R(x) = R(x, t). The Q-factor of the optimal
policy is given by

Q'(x, 2) = max Qn(x, a).

The following result shows that if we have solved the Bellman
equation then the solution and its associated policy is optimal.

Thrm 28. For a discounted program, the optimal policy V(x) satisfies
V(x) = max {r(x,a) + BE. | V(X))
Moreover, if we find a function R(x) such that
R(x) = E.,|[R(X
(x) = max r(x, @) + BEx [RK)]}

then R(x) = V(x), i.e. the solution to the Bellman equation is unique.
Further given such an R(x), if take a_function nt(x) such that

n(x) € argmax {r(x, a) + BE,, [R(X)]}
aeA

Then 1t is optimal and R(x, 1) = R(x) = V(x) the optimal value function.

Proof. We will first show that V solves the Bellman equation [with
inequality < then >]|. Then we will argue that its solution is unique
with a contraction argument. Then we will argue that a stationary
policy associated with a solution is optimal by applying Proposition
13.

We know that Ry(x, IT) = r(x, 7o) + BE[R,_1(X, IT)]. Applying limits as
t — oo on both sides and bounded convergence theorem gives that

R(x,TT) = r(x, m0) + PEy, [R(X, TT)|
< r(x, 0) + BBz, [V(R)] -

For the inequality, above, we maximize R(X,IT) over IT. Now maxi-
mizing the left hand side over I1 gives

V(x) < sup {r(x, 7o) + PEsq, [ V(X))

ToEA
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At this point we have that the Bellman equation but with an
inequality. We need to prove the inequality in the other direction.
For this, we let 7. be the policy that chooses action 4 and then, from
the next state X, follows a policy I'l. which satisfies

R(X,T1.) > V(I) —e.
We have that
V(@) 2 R(x, me) = (x,a) + PEyq [R(X, L) |
> r(x,0) + BBy [V(X)] - €

The first inequality holds by the sub-optimality of I'l. and the second
holds by the assumption on I'l.. Maximizing over a € A, and taking
€ — 0 gives

V(x) 2 max {r(x,a) + BE.. [V(X)] }.

Thus we now have that

V(x) = max {r(x, a) + BE,, [V(f()] }

So at this point we know that the optimal value function satisfies
the Bellman equation. For the next part of the result we need to
show that the solution to this recursion is unique.

Suppose that R(x) is another solution to the Bellman equation.
From the definition of a Q-factor and the Bellman recursion, R(x) =
max, Qr(x,a) and V(x) = max, Qy(x,a). Thus note that

Qu(x,a) — Qx(x,a) = BE[V(X) — R(X)] = BE[max Qv(X, @) - max Q(X, )]
Thus
IQv — Qrlle < p max | max Qv (%, a’) — max Qr(f, a’)l < BlIQv — Qrllw -
In the last equality above, we use the fact that
|H}1€1X Qu(x,a’) — max Qr(x,a’)l < |me Qu(x,a) — Qr(x, a)l.

This is an elementary result which we prove in Lemma 29 after we
complete this proof. Now since 0 < < 1 the only solution to this
inequality is Qv = Qr and thus

R(x) = max Qr(x,a) = max Qv(x,a) = V(x).
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So solutions to the Bellman equation are unique for discounted pro-
gramming. Finally we must show that if we can find a policy that
solves the Bellman equation, then it is optimal.

If we find a function R(x) and a function 7t(x) such that

R(x) = max {r(x,a) + BE.., [R(X)]}, n(x) € argmax {r(x, a) + BE,, [R(f()]}

then note that the MDP induced by 7 is a Markov chain (with tran-

sition matrix PZ;‘)). Both R(x, 7) and R(x) solve the equation R(x) =

r(x, t(x)) + ﬁ]Ex,ﬂ(x)[R(f()]. So by Prop 13, R(x) = R(x, n). O
For the above proof we required the following technical lemma.

Lem 29. For any two real valued function f and g
|maax f(a) - max g < max |f(a) — g(a)|
Proof. Clearly it is true that

max b(a) + c(a) < max b(a) + max c(a)

for any two functions b(a) and c(a). Suppose without loss of general-
ity that max, f(a) > max, g(a). If we take b(a)+c(a) = f(a) and b(a) = g(a)
in the above expression then

max fla) < max g(a) + max f(a) — g(a)
Thus, as required,
Imaax f(a) - max Q)| = max f(a) - max g(a)
< maaxf(a) -g@) < Imaaxf(a) — g(a)l.
O

It is worth collating together a similar result for Q-factors. Given
the facts accrued about value function and Bellman’s equation. The
following Proposition should not be too great a surprise (and can be
skipped on first reading).

Prop 30. a) Stationary Q-factors satisfy the recursion
Qn(x,a) = Eyu[r(x,a) + pQr(X, (X))
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b) Bellman’s Equation can be re-expressed in terms of Q-factors as
Jfollows

Q'(x,a) = Eya[r(x, a) + pmax Q*(X, 4))].
The optimal value function satisfies

V(x) = %%x Q'(x,a).

c) The operation

Foa(Q) = Exalr(x,a) + BQ(X, n(X))]

is a contraction with respect to the supremum norm, that is,

IF(Q1) — F(Q2)lle < 11Q1 — Q2llo -

Proof. a) We can think of extending the state space of our MDP to
include states Xy = {(x,a) : x € X,a € A} as well as X. In this new
MDP we can assume that initially the MDP starts in state (x,4) then
moves to the state X € X according to the transition probabilities
P?.. There after it remains in X moving according to policy . Thus
by Prop 13
Qn(xl (Z) = ]Ex,a [T’(X, IZ) + ﬁR(X/ 7—()]

where R(x,n) is the reward function of policy m . Further since
Qr(x,a) is the value from taking a instead of following policy 7 to
should also be clear that

Qr(¥, 1) = Byrlr(x, m(x)) + BR(X, )] = R(x, 71)
Thus, as required,
Qn(x,0) = Eya[r(x, a) + pQr(X, m(X))].

b) Further it should be clear that the optimal value function for the
extended MDP discussed has a Bellman equation of the form

Q*(x,a) = E, [r(x,a) + BV(X)]
V(x) = me(}[x E, [r(x,a) + ﬁV(X)]

Comparing the first equation above with the second, it should be
clear that V(x) = max, Q*(x,a) and substituting this back into the
first equation gives as required

Q' (x,a) = Eyalr(x,a) + pmax QX a1
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c) The proof of this part is already embedded in the previous Theo-
rem. Note that

Fx,u(Ql) - Fx,u(QZ) = ﬁ]E[n'}l?-X QV(XI Cl) - rr}f,ix QR(X/ El/)]
Thus

IF(Q1) — F(Q2)lleo < pmax|max Qi(%,4) - maxQs(%,a’)] < llQ1 —~ Qalle,

as required. O

Positive Programming*

We now consider case were all rewards are positive and the discount
factor f can be set equal to 1. This is called Positive Programming.
The following result holds for positive programming.

Thrm 31. Consider a positive program the optimal value function
V(x) is the minimal non-negative solution to the Bellman equation

R(x) = max {r(x,a) + BE.. [RED)] |.

Thus if we find a policy T whose reward function R(x, ) satisfies the
Bellman equation. Then it is optimal.

Proof. Suppose that Vr(x) is the optimal value function for the posi-
tive program with T time steps. (I.e. we set all rewards equal to zero
from time T onwards.) By Thrm 21, Bellman’s equation holds

V() = max {r(x,a) + BEs, [Vi(R)] |
with Vy(x) = 0. Note Vy(x) is increasing in T, since rewards are pos-

itive. Thus, the following limit is well defined V. (x) = sup; Vr(x) .
Further note that

Veol(x) = sgp max {r(x, a) + PE,, [VT(X)] }

= max {r(x, a) + BE., lSl;p VT(X)] }

= max {r(x, a) + BE., [Voo(f()] }

34



1.4. INFINITE TIME HORIZON NSW

Thus V. (x) satisfies Bellman’s equation.
Note that V(x) > Vr(x), since the optimal value function for the
infinite time horizon experiences positive rewards after time T. Thus

V() 2 Va(®) i= lim Vr(»).

Further, for any policy I1,
VT(x) 2 RT(x/ H) .

Now take limits V., (x) > R(x,IT). Now maximize over Il to see that
Veol(x) = V(x). So V. (x) equals the optimal value function V(x).

Note that if R(x) is any other positive solution to the Bellman
Equation, then R(x) > Vy(x) = 0. And if R(x) > Vr(x) then

R(x) = I?E%qx {r(x, a) + BE., [R(X)] }

> IZE}(X {r(x, a) + PE., [VT(X)] } = Vr(x)

Thus R(x) > lim7r_., Vr(x) = V(x). So we see that the value function
is the minimal positive solution to the Bellman equation.

Finally, if a policy © is such that R(x, ) solves the Bellman equa-
tion. Then clearly we know that R(x,7) < V(x). But then since
R(x, ) is smaller than the minimal non-negative solution to the Bell-
man equation, and it solves the Bellman equation, it must be that
R(x, ) = V(x) and so the policy is optimal. O

Negative Programming*

We now consider case were all rewards are negative and the dis-
count factor g can be set equal to 1. This could also be consider
to be the case where you minimize positive costs. This is called
Negative Programming.

Def 32. A policy I is called a stationary policy if its action only de-
pends on the current state (and is non-random and does not depend
on time).

The analogous result to Thrm 31 for Negative programming is weaker.
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Thrm 33. Consider a negative program, minimizing positive costs.
For the minimal non-negative solution to the Bellman equation

L(x) = min {e(x,0) + BExs [L(X)] |, (1.7)
any stationary policy I that solves the Bellman equation:

7(x) € argmin {C(x, a) + BE,, [L(X)]}
a€A

is optimal.

So the Bellman equation is still correct, but as the above result
suggests, simply finding a solution to the Bellman equation is not
sufficient. We need to find the optimal solution first and then we
need to solve with a stationary policy.

Proof. The first part of the argument is identical proof to Thrm 31:
by considering the limit of value function the finite time horizon
MDP, L(x)), it can be seen that its limit satisfies the Bellman Equa-
tion
L(x) = min{I(x,0) + BEx. [L(X)] ),

and that lim Ly(x) = L(x) < C(x) for any other solution to the Bellman
equation. (See the proof of Thrm 31 for more detail.)

Now for a stationary policy, 7, that minimizes the Bellman equa-
tion

L(x) = rgg? {c(x, a) + BExq[L(X1)]}
= c(x, (x)) + BBy e [L(X1)]

= c(Xo, 7(X0)) + BBxy nix) [ €X, 7(X0)) + BEx, ) [LEX)]|
= Cl (X, 7T) + 52]Ex,n [L(XZ)]

= CT(xl 7—() + ﬁTIEx,T( [L(XT+1)] .

Thus
T MCT.
L(x) = Cr(x, ) + B Ey z[L(x141)] = Cr(x, 1) o C(x, ).
So the policy has lower cost, and thus is optimal. O
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Average Programming*

We now consider a slightly different approach to dynamic program-
ming where costs are not discounted. Suppose that for finite-time
cost function

T-1
Crixo,m) = B[ ) clx, )]
t=0

We look at the limit of the average cost

Clr) = Jim <70,

if such a limit exists, and attempt to find the minimal such policy.
[We could also maximize rewards if preferred.]

Thrm 34. If there exists a constant A and a bounded function x(x)
such that

K(x) < min {o(x,a) - A + Ey[x(®)]}. (1.8)
aeA
Then, for all policies Tt,
liminf TC0 ™ 5 ) (1.9)
T—oo T

Moreover, if there exists a stationary policy m(x) such that
Kk(x) 2 c(x, 11(x)) = A + Ey o [0(2)]

then Cr o, ) .

—7 =

and thus the policy 1t has optimal long-run cost.

lim sup

T—oo

Proof. Let

t—1

M, = (X)) + )_{e(Xe, 7)) = Al

=0
Under condition (1.8), M; is a sub-Martingale:

E[Mp — My|X; = x, 7ty = a] = Eyo[x(%)] — x(x) + c(x,a) — A > 0.

Thus
k(x) = E[My] < E[Mr] = E[x(X1)] = AT + Cr(x,I1)
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and so
CT(x/ ﬁ)

lim inf > Ax

T—o0

Under condition (1.9), M; is a super-Martingale when 7 = 1. So
x(x) = E[My] = E[Mr] = E[x(X7)] = AT + Cr(x,I)

and so
CT(x/ ﬁ) <

lim sup A.

T—o0

O

Note we can always add a constant to x(x) in the above theorem.
So it is worth specifying that x(x;) = 0 and then we think of x(x) as
the additional cost for starting in state x instead of state x.

A Martingale Principle of Optimal Control.

We give a Martingale condition for optimal control. This result is
analogous to Prop 15 which applies to Markov chains.

Prop 35 (A Martingale Principle of Optimal Control.). Consider dis-
counted program. Suppose for a bounded function R : X —» R we
define a process (M; : t € Z.,) whose increments, AM(X;) := M1 — M;,
are given by

AM(x) = R(x) — BR(X) — r(x, t(x))

If M, is a submartingale for all policies ' and, for some 1, M; is a
martingale, then 1t is the optimal policy and R(x) = R(x, 7).

Proof. M, is a submartingale [resp. martingale] iff

[o¢]

M= Z B AM(X,)

s=0

is a submartingale [resp. martingale]. Taking expectations,

0 < EM{] = EfRE) - B*1R(Xe1) = Y Fr(Xe, w'(X.)]
5=0

Rearranging and letting t — oo gives, for 7,
R(x) 2 B[ Y Fr(Xe, w'(X.)],
s=0
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where the inequality above holds with equality if Mf is a martingale
for some . Thus we see that R(x) > V(x), where V(x) is the value
function for the MDP and R(x) = V(x) = R(x, 7). O
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Infinite Time Examples

Ex 36 (Machine Repair). Each day a machine is either working or
broken. If broken, then the day is spent repairing the machine at a
cost8c¢. Ifthe machine is working, then it can be either run unattended
or attended at a cost0 orc. In each case the probability of the machine
breaking is p and q respectively. Costs are discounted by g € (0,1).

The objective is to minimize the infinite horizon discounted cost.
Letting F(0) and F(1) be the minimal cost starting on a day were the
machine starts broken or working, respectively. Show that it is opti-
mal to run the machine unattended iff 7p — 8q < 7.

Ex 37 (Symmetric Random Walk). Consider a symunetric random
walk on Z.. We wish to choose a time to stop that minimizes the cost
k(x) = exp{—x} where x gives the value of the walk when stopped. Ar-
gue that Wi(x) the optimal value function for the s-time horizon prob-
lem is constant over s. Argue that

lim Wi(x) # W(x)

where W(x) is the optimal value function for the infinite time optimal
stopping problem.

(Note for this Negative program we have a solution to the Bellman
equation that is not optimal.)

Ex 38 (Repeat Prisoner’s Dilemma). Two men are taken prisoner by
the authorities. They are interviewed separately and asked to con-
fess to the other prisoners involvement in a crime. A prisoner that
does not confess receives 1 year in prison. A prisoner that confesses
adds 6 years to the other prisoner’s sentence. This game can be ex-
pressed by the matrix

don’t confess confess
don’t confess | (1,1) (7,0)
confess (0,7) (6,6)

For each entry (a, b) in the above matrix the left entry a gives the row
players sentence and b gives the column player’s sentence. Suppose,
given what the other prison does, each prison act selfishly to mini-
mize their time in jail.

i) Argue that the each prisoner will confess.
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We now assume the criminals_from the Prisoner’s Dilemuna are repeat
offenders. The are repeatedly arrested by the police and interviewed.
Each time they can chose whether to confess or not and afterwards
they find out if their fellow prisoner confessed or not. The payoffs are
the same in our previous example, except each time they meet their
payoffs are discounted by a multiplicative factor (1+7), for somer > 0.

ii) Show that if this repeated game is played for a finite set of times
t =0,1,..,T then it is in the interested of each player to confess at
each time. [Hint: Argue for time T and work backwards].

A punishing strategy is a strategy where the prisoner will not confess
at every round unless his fellow prisoner confesses. If his _fellow pris-
oner confesses at one time instance then the prisoner will confesses
Jor all subsequent time. le. the strategy places a heavy penalty on
the opponent for confessing.

iii) If this repeated game is played for an infinite set of times t =
0,1,2,3,... and if r is suitably small then show that both players play-
ing a punishing strategy is a Nash Equilibrium.

References

The distinction between discounted, positive and negative program-
ming is made by Blackwell [7, 8] and Staunch [37]. Average reward
is considered by Howard [21]. The distinction between these cases
is quite standard in different textbooks for instance see [32]. A early
review of martingale conditions for optimal control is by Davis [13].
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1.5 Algorithms for MDPs

e Policy Improvement; Policy Evaluation.
e Value Iteration; Policy Iteration.

e Temporal Differences; Q-factors.

For infinite time MDPs, we cannot apply to induction on Bellman’s
equation from some initial state — like we could for finite time MDP.
So we need some algorithms to solve MDPs.

At a high level, for a Markov Decision Processes (where the tran-
sitions Py, are known), an algorithm solving a Markov Decision Pro-
cess involves two steps:

e (Policy Improvement) Here you take your initial policy ny and
find a new improved new policy 7, for instance by solving Bell-
man’s equation:

7(x) € argmax {r(x, a) + BE,, [R(X, 7'(0)]}
aeA

e (Policy Evaluation) Here you find the value of your policy. For
instance by finding the reward function for policy n:

R(x, 1) = [ET [i Br(X;, n(Xt))}
t=0

Value iteration

Value iteration provides an important practical scheme for approx-
imating the solution of an infinite time horizon Markov decision
process.

Def 39 (Value iteration). Take Vy(x) = 0 Vx and recursively calculate

Tis41(x) € argmax {r(x, a) + PE,, [VS(X)]}
aeA

Vst (x) = I?EE}{X {r(x, a) + ﬁ]Ex,a [VS(X)]}

fors=1,2,.. this is called value iteration.
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We can think of the two display equations above, respectively, as
the policy improvement and policy evaluation steps. Notice, that
we don’t really need to do the policy improvement step to do each it-
eration. Notice the policy evaluation step evalutes one action under
the new policy n afterwards the value is V(X).

The following result shows that Value Iteration converges to the op-
timal policy.

Thrm 40. For positive programming, i.e. where all rewards are pos-
itive and the discount factor  belongs to the interval (0, 1], then

0<Vi(x) < Veu(x) /" V(x), as s— oo.
Here V(x) is the optimal value function.

The following lemma is the key property for value iterations conver-
gence, as well as a number of other algorithms.

Lemma 1. For reward function R(x) define
LR(x) = max {r(x,a) + BEq [RED)]}.

Show that if R(x) > R(x) for all x € X then LR(x) > LR(x) for all x € X
Proof. Clearly,

r(x,a) + BE,, [R(X)] > r(x,a) + BE., [R(X)] .
Now maximize both sides over a € A. O

Proof of Thrm 40. Note that V;(x) = max, r(x,a) > 0 = Vy(x). Now, since
Vsii(x) = LVi(x), repeatedly applying Lemma 1 to the inequality
Vi(x) > Vy(x) gives that
Vs+1(x) 2 Vs(x) :

Since V(x) is increasing Vi (x) / V(x) for some function V.. We
must show that V,, is the optimal value function from the MDP.

Next note that V,(-) is the optimal value function for the finite
time MDP with rewards r(x,a) and duration s. So V(x) > V,(x) and
thus V(x) > V. (x). Further, for any policy I1,

Vi(x) = Ry(x,IT).

Now take limits V. (x) > R(x,IT). Now maximize over I to see that
Veo(x) > V(x). So V,(x) = V(x) as required. O
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Code for Value iteration.

def Value_Iteration (V,P,r,discount, time) :
> Value Iteration — a numerical solution to a MDP

# Arguments:
P — Pla][x]ly] gives probablity of x —> y for action a
r — rla][x][y] gives reward for x —> y for action a
V - V[x] gives value for state x
discount — discount factor
time — number of iterations

# Returns:
Value function and policy from value iteration

number_of_actions = len (P)
number_of states = len (P[0])

Q = np.zeros ((number_of_actions, number_of_states))
for _ in range(time) :
for a in range(number_of actions):
for x in range(number_of_states):
Qlallx] = np.dot(P[a][x],r[a][x]+discount*V)
V_new = np.amax(Q, axis=0)

pi = np.argmax(Q, axis=0)

return V_new, pi

44



1.5. ALGORITHMS FOR MDPS NSW

Policy Iteration

We consider a discounted program with rewards r(x, a) and discount
factor g € (0,1).

Def 41 (Policy Iteration). Given the stationary policy I'l, we may de-
Jine a new (improved) stationary policy, IT1, by choosing for each x
the action ITl(x) that solves the following maximization

ITI(x) € argmax r(x,a) + PE., [R(X, H)]
aeA

where R(x,I1) is the value function for policy Il. We then calculate
R(x, ITI). Policy iteration is the algorithm that takes

I, = 111,

Starting from a stationary policy I'.

R(x) = r(x, (x)) + PEy ne) [R(X, T0)], x e X.

If we think of the policy as a matrix P = (P, : x,y € X) and rewards
as a vector r = (r(x, t(x)) : x € X) then R = (R(x) : x € X) is the vector
such that

R=r+pBPR

which is solved by R = (I — BP)"'r. L.e. evaluating a policy is really a
little matrix algebra.

Thrm 42. Under Policy Iteration
R(x,I1,41) = R(x, I1,)
and, for bounded programming,
R(x,IT,) / V(x) as n-— oo
Proof. By the optimality of JTI with respect to IT we have
R(x, TT) = r(x, 7(x)) + BBy (o) [R(X, T < #(x, ITI(x)) + PEs 1oy [R(X, TT))

Thus from the last part of Thrm 13, we know that R(x,IT) < R(x, ZTI).
This show that Policy iteration improves solutions. Now we must
show it improves to the optimal solution.
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First note that
r(x,a) + PEyq [RX, I)| < r(x, T7e(x)) + BB 1y [R(X, TT)]
<r(x, In(x)) + PEyrm |R(X, ITT)| = R(x, ITI).
We can use the above inequality to show that the following process

is a supermartingale

t—1
M, = BR(X, Thr) + ) Br(X,, 7 (X.)
s=0
where 7*(x) is the optimal policy.? To see taking expectations with
respect to the optimal policy 7" gives
E [Mt+1 - Mt|7:t]
= BB [BR(Xes1, Tlr-1-1) + (X, 7' (X)) = R(X, )

7
= " (BB} ) [BROC Tl )+ 706, 7 (40) = RO, T )] |7
<0.

Since M; is a supermartingale:

R(x, TTr) = I} [My] > E; [Mr] = E; [f"R(Xr, TTy)| + Re(x, IT)

— e
;O T—o0 V(X)
T—o0
Therefore, as required, limr_,., R(x, [17) > V(x). O

2Note we are implicity assuming an optimal stationary policy exists. We can
remove this assumption by considering a e-optimal (non-stationary) policy. How-
ever, the proof is a little cleaner under our assumption.
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def Policy_Iteration (pi,P,r,discount):
*’’ Policy Iteration — a numerical solution to a MDP

# Arguments:
P - Pla][x][y] gives probablity of x —> y for action a
r — rla][x][y] gives reward for x —> y for action a
pi — pilx] gives action for state x
discount — disount factor

# Returns:
policy from =xonex* policy iteration
value function of input policy

LEEIE

# Collate array of states and actions

number_of actions, number_of states = len (P), len(P[O])
Actions, States = np.arange(number_of_actions), np.arange (
number_of_states)

# Get transitions and rewards of policy pi

P_pi = np.array ([P[pi[x]][x] for x in States ])
r_pi = np.array ([r[pil[x]][x] for x in States])
Er_pi = [ np.dot(P_pil[x],r_pi[x]) for x in States]

# Calculate Value of pi
I = np.identity (number_of_states)
= I — discount * P_pi
R_pi = np.linalg.solve (A, Er_pi)

>

# Calculate Q_factors of pi
Q = np.zeros ((number_of_actions, number_of_states))
for a in range(number_of actions):
for x in range(number_of_states) :
Qlallx] = np.dot(Plal[x],r[a]l[x]+discount*R_pi)

# policy iteration update
pi_new = np.argmax(Q, axis=0)

return pi_new, R_pi
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MDP Algorithms - Examples
Ex 43. Apply the policy iteration algorithm it to the following problem:

End

3

End

1

]

(¢]
(6]

Here a robot must navigate to either end point. It receives a reward of
3 for reaching the lefthand side and 1 for the righthand side. An initial
policy _from which you must start is provided by the arrows abouve.

Ex 44 (GridWorld). A robot is placed on the following grid.

St €up

~L

€nd

€N

The robot can chose the action to move left, right, up or down provided
it does not hit a wall, in this case it stays in the same position. (Walls
are colored black.) With probability 0.8, the robot does not follow its
chosen action and instead makes a random action. The rewards for
the different end states are colored above. Write a program that uses,
Value Iteration to _find the optimal policy for the robot.

Ex 45 (GridWorld, again). Write a program that uses, Policy iteration
to_find the optimal policy for the robot in [44].

S €

~L

€nD

€nND

Ex 46. Show that for discounted programming,

s+l Tmax s+l "min
P > V(x) > Vi(x) — P

Vi(x) + =5 =5

48



1.5. ALGORITHMS FOR MDPS NSW

Ex 47. Here we consider a positive programming problem

a) Let VR give the value function reached after one iteration of the
value iteration algorithm. Argue that if VR = R then R(x) is optimal.

b) Let It give the policy reached after one iteration of the policy im-
provement algorithm. Argue that if It = © then 1t is optimal.

References.

Value iteration is due to Richard Bellman, and Policy Iteration is due
to Howard [21]. Both are now standard text book methods [5, 32].
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1.6 Optimal Stopping

e Optimal Stopping Problems; One-Step-Look-Ahead Rule.
e The Secretary Problem.

¢ Infinite Time Stopping; Stopping Random Walks.

An Optimal Stopping Problem is an Markov Decision Process where
there are two actions: a = 0 meaning to stop, and 4 = 1 meaning to
continue. Here there are two types of costs

c(x,a) =

k(x), fora=0 (the stopping cost)
c(x), fora=1 (the continuation cost),

This defines a stopping problem.
Assuming that time is finite, the Bellman equation is

Ca(x) = min {k(x), c(x) + E4[Csa(R)]}

for s € N and Cy(x) = k(x).

Def 48 (OLSA rule). In the one step lookahead (OSLA) rule we stop
when ever x € S where

S = {x: k(x) < c(x) + Eo[k(R)])-

We call S the stopping set. In words, you stop whenever it is better
stop now rather than continue one step further and then stop.

Def 49 (Closed Stopping Set). We say the set S C X is closed, it once
inside that said you cannot leave, i.e.

Py, =0, VxeS y¢s.

Prop 50. If, for the finite time stopping problem, the set S given by the
one step lookahead rule is closed then the one step lookahead rule is
an optimal policy.
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Proof. Given the set S is closed, we argue that if C;_1(x) = k(x) forx € S
then C,(x) = k(x):If x € S then since S is closed X € S. In otherwords
Cs.1(X) = k(X). Therefore, in this case, Bellman’s equation becomes

Cs(x) = minfk(x), c(x) + Ed[Coi (D]} = min{k(x), c(@) + Bo[k(X) |} = k().

The last inequality above follows by the definition of x € S.
We now proceed by induction. The OSLA rule is optimal for s = 1
steps, since OSLA is exactly the optimal policy for one step.
Suppose that the result is holds for upto s—1 steps. Now consider
the Optimal Stopping Problem with s steps. If x € S then C;(x) = k(x).
So it is better to stop. If x ¢ S, then clearly it’s better to continue. O

Optimal stopping in infinite time

We now give conditions for the one step look ahead rule to be optimal
for infinite time stopping problems.

Prop 51. If the following two conditions hold
e K = max,k(x) < oo, min,k(x) >0
e C =min,c(x) >0
then the One-Step-Lookahead-Rule is optimal.
Proof. Suppose that the optimal policy 7 stops at time 7 then

-1
{Z c(x;) + k(xT)} [t > s]

t=0

(s+1)CP(t >s) <E < k(xg) < K.

Therefore if we follow optimal policy 7 but for the s time horizon
problem and stop at s if T > s then

2

L(x) < Lg(x) < L(x) + KIP(t > s) < L(x) + SO —

L(x)

Thus Li(x) — L(x).

As before (for the finite time problem), it is no optimal to stop
if x ¢ S and for the finite time problem L,(x) = k(x) for all x € S.
Therefore, since Li(x) — L(x), we have that L(x) = k(x) for all x € S and
there for it is optimal to stop for x € S. O
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Stopping a Random Walk

The one step lookahead rule is not always the correct solution to an
optimal stopping problem.

Def 52 (Concave Majorant). For a functionr : {0,...,N} — R, a con-
cave majorant is a _function G such that

e G(x) > 1G(x - 1)+ 1G(x + 1)

o G(x) > r(x).

Prop 53 (Stopping a Random Walk). Let X; be a symmetric random
walk on {0, ..., N} where the process is automatically stopped at 0 and
N. For eachx € {0, ..., N}, there is a positive reward of r(x) for stopping.
We are asked to maximize

E[r(X7)]

where T is our chosen stopping time. The optimal value _function V(x)
is the minimal concave majorant, and that it is optimal to stop when-
ever V(x) = r(x).

Proof. The Bellman equation is
R(x) = max {r(x), %R(x “1)+ %R(x ; 1)}

with R(x) = #(0) and R(N) = r(N). Thus the optimal value function is
a concave majorant.

We will show that the optimal policy is the minimal concave ma-
jorant of r(x). We do so by, essentially applying induction on value
iteration. First Ry(x) = 0 < G(x) for any concave majorant of r(x). Now
suppose that R;_;, the function reached after s — 1 value iterations,
satisfies R;_1(x) < G(x) for all x, then

Rs(x) = max {r(x), %Rs_l(x -1+ %Rs_l(x + 1)}

< max {r(x), %G(x -1)+ %G(x + 1)}
< max {r(x), G(x)} = G(x).

Since value iteration converges R(x) /' V(x), where V(x) satisfies
V(x) < G(x), as required.

Finally observe that from the Bellman equation the optimal stop-
ping rule is to stop whenever V(x) = r(x) for the minimal concave
majorant. O
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Exercises

Ex 54 (The Secretary Problem). There are N candidates for a secre-
tary job. You interview candidates sequentially. After each interview,
you must either accept or reject the candidate. We assume each can-
didate has the rank: 1,2,...,N And arrive for interview uniformly at
random. Find the policy that maximises the probability that you hire
the best candidate.

Ex 55 (Optimal Parking). You look for a parking space on street, each
space is free with probability p = 1 —g. You can't tell if space is free
until you reach it. Once at space you must decide to stop or continue.
From position s (s spaces _from your destination), the cost of stopping
is s. The cost of passing your destination without parking is D.

Ex 56. In a game show a contestant is asked a series of 10 ques-
tions. For each questionq =1, ...,10 there is a reward r, for answering
the question correctly. With probability p, the contestant answers the
question correctly. After correctly answering a question, the contes-
tant can choose to stop and take their total winnings home or they
can continue to the next question q + 1. Howeuver, if the contestant
answers a question incorrectly then the contestant looses all of their
winnings. The probability of winning each round is decreasing and
is such that the expected reward from each round, p,r,, is constant.

i) Write down the Bellman equation for this problem.

ii) Using the One-Step-Look-Ahead rule, or otherwise, find the op-
timal policy of the contestant.

Ex 57 (Burglar). A burglar robs houses over N nights. At any night
the burglar may choose to retire and thus take home his total earn-
ings. On the tth night house he robs has a reward r; where r; is an
iidrv with mean 7. Each night the probability that he is caught is p
and if caught he looses all his money. Find the optimal policy for the
burglar’s retirement.

Ex 58 (Bruss’ Odds Algorithm). You sequentially treat patients t =
1,.., T with a new trail treatment. The probability of success is p; =
1-g;. We must minimize the number of unsuccessful treatments while
treating all patients for which the trail is will be successful. (i.e. if we
label 1 for success and 0 for failure, we want to stop on the last 1).

53



1.6. OPTIMAL STOPPING NSW

Argue, using the One-Step-Look-Ahead rule that the optimal policy is
the stop treating at t* the largest integer such that

&+...+p—T21.

qr qar
This procedure is called Bruss’ Odds Algorithm.

Ex 59. You own an asset that must be sold in T days. Each day you
are off ered a price for the asset according to a probability distribution
density f(x). You may the accept any offer that you have received so
Jfar. Once the asset is sold the money is invested in a bank account
which multiplies the invested money by ! each day. Here 8 € (0,1).
Your task is the maximize your profit at time T.

Ex 60. You own a “toxic” asset its value, x; at time t, belongs to
{1,2,3,...}. The daily cost of holding the asset is x;. Every day the
value moves up to x + 1 with probability 1/2 or otherwise remains the
same at x. Further the cost of terminating the asset after holding it for
t days is C(1 — a)'. Find the optimal policy for terminating the asset.

References.

An early account of optimal stopping is Chow, Robbins and Sieg-
mund [12]. An authoritative texts mostly focusing on stopping dif-
fusions is Shiryaev [35]. Ferguson provides a good step of unpub-
lished notes on his website.® Again most standard texts on stochas-
tic control cover optimal stopping, see for example Whittle [46].

3https ://www.math.ucla.edu/~tom/Stopping/Contents.html
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1.7 LQR and the Kalman Filter

Linear Quadratic Regularization (LQR) is a special case of dynamic
programming where we have a quadratic objective and a linear dy-
namic. [Note many smooth dynamics are linear over small time
steps and smooth objectives are quadratic close to their minimum.]
LQR has a solution with relatively simple form given by the Riccati
equation. It can be generalized in a few different ways: random
noise and incomplete state information. Even in these settings the
optimal control remain essentially the same, however, we may need
to replace the variable state, = with its mean =z, this is called cer-
tainty equivalent control. If noise is Gaussian, then estimating x is
a relatively straight forward recursion which is given by the Kalman
filter. We define and discuss each of these steps in subsequent sec-
tions below.

Linear Quadratic Regularization.

Def 61 (Linear Quadratic Regularization). We consider the following
optimization:

T-1
Vo(o) =minimize Z {xTRa; + a] Qa;} + xLRxr (LQR)
t=0
subject to x; =Ax; +Ba,, t=1,..,T
over agp, ..., A7

Here the actions a belong to R" and the states x belong to R". Here A
and B are matrices and R and Q are positive semi-definite matrices.*

The objective above is quadratic and its constraints are linear. For
this reason, this problem is called a Linear Quadratic Regulator prob-
lem and its solution is a Linear Quadratic Regular (LQR).t

Why L@R? This optimization is very common in control. This is
because many dynamical systems are approximately linear [over
small time steps] and many [smooth] objectives are approximately
quadratic when close to their minima. So a wide variety of control
problems are approximately LQR problems.

Riccati Equation. An important recursion that is needed to solve
LQR problems is the Riccati Equation:

4Recall, a matrix M is positive semi-definite if 2" Mz > 0 for x # 0.
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Def 62 (Riccati Equation and Gain Matrix). The Riccati equation is
the following matrix recursion

Ar=R+ATAyA—ATAB[Q = BTABI ' BT A A (Riccati)
Jort=0,.., T -1 and with At = R. The gain matrix is defined to be
G:=[Q+B"AB]"'BTAA (Gain)

Essentially a = —G;x gives the optimal control at time ¢.

Solution for L@R. We let V. (x) be the optimal solution to (LQR),
where the summation is started from time t = 7 in state x, =  The
following result gives the solution to an LQR problem.

Thrm 63. The value function for (LQR) satisfies
Vi) =z A

where A; is the solution to the Riccati Equation, see (Riccati). More-
over, the optimal control action is given by

CL: = —Gt.’Bt
where G is the Gain Matrix, see (Gain).

Proof. The Bellman equation is

Li—1(x) = min{z"Rx + a" Qa + L;(Ax + Ba)}

We now argue by induction that L;(x) = " Asx for all ¢t. This is cer-
tainly true at time T where Lr(x) = " Rex.
Assuming by induction that L;(x) = " A;x, we have that

Li-1(x) = min{z 'Rz + a'Qa + (Ax + Ba)" Ai(Ax + Ba)}
a
=min{x 'Rz +a'Qa +x AT Aj\Az + 2a"B" Aj/Ax + a"B" A;Ba}
a
Differentiating the above objective with respect to a and setting
equal to zero, minimizes the above objective and gives the condi-

tion
0 =2Qa + 2B"A;/Ax + 2B" A:Ba

This implies that the optimal action is

a* =-[Q+B"ABI"'BTAAzx.
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In other words we see that a = —G;x;, as require above. However, we
still need to verify that V,_;(x) = " A;_;x to complete the induction
step. Substituting our expression for a* into the above minimization
gives.

Liyx)=x'Re +x"ATA\Ax + a* "Qa* +2a* " B"AJAx + a* "B A\Ba*
=a'Rex + x"ATA\Ax — " ATAB[Q + BTAB]'BTAAx
=z Az

where the last inequality follows by our definition of A;_; from the
Riccati equation. O

LQR with Noise.

We consider a small variation on the LQR problem. In particular
we assume that x; is randomly perturbed. We consider following
optimization:
T-1
Lo(xp) =minimize Z {/Rx; + a/Qai} + x;Rxr  (Noisy LQR)
t=0
SUbjeCt to T = Awt_l +Ba;1+€-4, t=1,...,T

over agp, ..., AT

The only change with respect to (LQR) is that we add a random
variable ¢,_;. Here we assume that ¢; is independent over time and
has mean zero and covariance matrix N. That is

Ele;] =0 and E[e €] =N.

The next result shows that optimal control remains the same when
we add noise, only the value function changes a little bit.

Thrm 64. The optimal control for the noisy LQR problem is identical
to the LQR problem [without noise] in Theorem 63. The value function
now has the form

Li(x) = " Ay +

where y;_1 = tr(A{N) + y; and yr = 0.

Proof. The Bellman equation is

Li—1(x) = min{z"Rx + a" Qa + E[L;(Ax + Ba + €)]} .
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We now argue by induction that Li(x) = " Az + y; for all t. This is
certainly true at time T where Ly(x) = " Rx.
Assuming by induction that L;(x) = " Az + y;, we have that

Li-1(x) = min{z"'Rz + a"Qa + E[(Ax + Ba + €)" Ai(Ax + Ba + €)] + 14}

=min{z'Rz +a"Qa +x"ATAjJAx + 2a"B" AjAx + a" BT A;Ba}

a

+ IE[ETAtE] + 7/1‘

First, observe the minimization above is identical to the LQR mini-
mization in Theorem 63, and so equals xA;_;x by the proof given in
Theorem 63. Second observe, a quick calculation shows that

E[e” Ave] = Z Eleiei Al = tr(NA).
ij
Thus y; + E[e" Ave] = y;-1 as defined above. These two observations

give that
Lia(x) =" Az + Vi-1

as required. O

Linear Quadratic Gaussian.

We consider a Linear Quadratic Regularization problem but were
there is both noise and imperfect state observation. In particular,
we do not directly observe the state = but instead some measure-
ment y which we must use to control . Further both « and y are
subject to noise.

T-1
Lo(xp) =minimize Z {] Rxz; + a/ Qa;} + xrRar (LQQG)
=0
subject to x; = Axi_1 + Ba;_1 + €1,
Yy = Cxi1+ (5t_1 t=1,...,T
over aop, ..., AT-1

In addition to terms in definition of LQR and LQR with Noise, we
introduce a matrix C and a noise term 6; which is independent over
time, has mean zero and covariance M, that is

E[é] =0, and E[667] =M.
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Later [when considering the Kalman Filter|, we will need the ran-
dom variables for 6 and € to be Gaussian [hence the name LQG] but
we do not require this yet.

Here the state x is not directly observed. So we must base deci-
sions from data of past decision and measurements, that is

Ff = (yt/ oY1, a1, ., a’O) .

Result on L@G. The key result on LQG is that if we can estimate
the mean state given F;, i.e. x; := E[z|F;], then the optimal control
is that same as from the LQR problem i.e. a* = —Gx;.

Thrm 65. For an LQG problem the optimal control at timet is
a; = _tht

where &; = E[x|F;] and G; is (Gain). Further, the optimal value func-
tion is
Li(F;) = E[mtTAthtU:t] + 1+
where
T-1
=) E[AJR+ATAciA=AJAJR]  and A=z — .
T=t

Before proving this result, we take a moment to discuss.

Certainty Equivalence. The last result is interesting because even
though there is noise and we do not observe the system state. We
still apply the same control as in the case where we have full infor-
mation for a deterministic system. When we treat the mean as if it
was the "true" state, we call this certainty equivalence.

In general applying a certainty equivalent estimate is not opti-
mal, bit it is for LQG systems. So why is certainty equivalence op-
timal here. In particular, if we look at the new term [; in the value
function, it looks like we need to estimate future values of A, which
in principle should depend on the future actions and states that
we visit. This would likely make for a complex dependence on the
current action taken. However, it turns out, because the problem
is linear, that A; does not depend on the actions and states taken.
So in the Bellman equation [; is effectively a constant as far as the
action taken is concerned. This simplifies the problem consider-
ably and means we are still within the scope of our original LQR
solution.

The following lemma shows that A; does not depend on actions
taken and states visited.
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Lemma 2. A; is a constant with respect to ay, ..., a.
Proof. We recursively consider the update equation for .. Note that
x, =Ax. 1 +Ba, 1+ €4

= A[AQ’JT_Q + Ba,;_, + 6-[_2] + Ba,;_1 + €;,1
= Azw-[_z + ABCLT_Z + Ba,_1 + AET—Z + €1

-1 -1
= ATy + Z AT"'Ba, + Z AT,
=0 t=0

Consequently notice,

-1 -1
T, = E[x,|F.] = ATxy + ZAT_I_tBat + ]E[ Z AT,
=0

t=0

F)

So ) )
Ty — Ty = Z A e, — ]E[ ZAT_I_tet FT] .
t=0 =0

It seems like we are done, we have removed all dependence on the
actions taken. But remember F; = (y;, ..., y1, a;_1, ..., ag) which we con-
dition on above. In principle, we could modify the set of actions that
we take to infer information about Zf;ol A™1t¢, and thus there would
be dependence on the actions taken in the conditional expectation
above. However, this turns out not to be the case.

To see this, first, let ¢y be the sequence of observations made
when actions are chosen to be zero, that is, since

-1 -1
y; = Ca; = CA"x + Z CA™'"'Ba, + 2 CA™ e,
t=0 t=0

then y! is given by

-1
Y = CA"zo+ ) CA™ e, +3,

t=0

Since we know which actions we take we can always construct y?
from y, and vice versa. l.e. conditioning on F; = (y;, ..., y1, -1, ..., ap)
is the same as conditioning on F) = (y,.., 4!, a;1,..,a¢). Further,
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suppose we let 7 be the policy that we use to select the actions. In
particular, suppose that a; = 7(F;) where here 7 is some determinis-
tic function. However given the discussion above, equally we could
view actions as a function of F, that is a; = 7°(F?) where 7 is again a
deterministic. Thus all information required to choose each action
is determined by the function 7 and the vectors (y;, ..., 4’). In other
words, conditioning on F is the same as conditioning on (y?, ..., y?)
and the deterministic function 7°. However, ©° is deterministic and
thus independent of the random variable Y[-) A" "¢, thus it plays
no role in determining its conditional expectation. In summary we
have found that

-1

]E[ Z AT e,

t=0

-1
FT] = ]E[ AT,
t=0

FO]
-1

_ ]E[ZAT—I—tet

t=0

-1

y?, .y y(l), 710] = ]E[ Z AT,
=0

Y, ..., y?]

The right hand expression does not depend on the action taken and
so the same is true of
Al

-1 -1
T, — Ty = Z ATl e, — IE[ Z AT,
=0 t=0

O
A further slightly more minor observation is the following Lemma.

Lemma 3.
IE[.’B:—thlPt] = :E;ert - IE[A;—MAtlFt]

Proof.

E[x] Ma/|F:] = E[(Z; + A)"M(Z: + A)|F/]
= thjt + Za_:tM]E[AAFt] + IE[:I:tTMmAFt]
= C_U;rMiit - IE[A:MAtlFt]

O

Proof of Theorem 65 We can now use the above lemma to prove
Theorem 65.
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Proof of Theorem 65. The result of the Theorem is certainly true at
time T, where L(Fr) = x;Rxr. Let's work back inductively assuming
the form L;,;(F;;1) holds to prove the result.

Lt(Ft) = 1’1’}111’1 ]E[thth + atTQat + Lt+](Ft+1)|Ft]

= min ]E[ x/ Rx; +a] Qa; + ]E[ivLAmthIFm] + 11+ Ve |Ft]
at ——— —
(a) ®) (©)

Let’s deal with the three terms (a), (b) and (c) above.
Firstly, for () we have by Lemma 3 that

E[x] Rai|F;] = & R&; + E[A] RA|F;]
Second, for term (b):
]E[m;l;lAt+1wt+1|Pt+1]
= | (Az, + Ba, + €)" A1(Az; + Bay + €)|Fia |
= B[z AT Ap1Az|Fy] + 28,A7 Ap1Bay + aBT Apy1Ba + tr(N A1)

= j:ATAH_lAjt + IE[A;—ATAH_lAAtlFt]
+ ZCEtATAH_lBat + G/BTAH_lBCL + tr(NAH_l)

Third, for term (c),

~

-1
Ellt + yintlFil = ), E[E[ATR + ATAu1A = A)A,

T=t+1

Ft+1] Ft] + Vi1

1
-YE [AI R+ AT A A — ADA,

T=t+1

Applying the last three terms to L;(F;), above, we get that

Ft] + Vit -

Ly(Fy)
= min {.’E;FR.’Et + CLTQCL + j:ATAH_lAfEt + 2CLTBTAt+1A3_3t + CLTBTAH_]BCL}

T-1
+ E[AT[R + AT A AJAF ] + Z E [ATT(R + AT A A — A)A, Ft]

T=t+1

+ tr(NAHl) + 7t+1

Critically, we have applied Lemma 2, to take terms involving A; from
the minimization. An important consequence is that the minimiza-
tion above is the same as for deterministic LQR problems. So the
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optimal control is a} = —GZ;, by the same calculation done in Theo-
rem 63. So it is equal to & A;&;. So applying this and Lemma , i.e.
that Q_ZtAtQ_?t = ]E[a:;'—Ata:tlFt] - IE[A:—AtAtu:‘t]. This giVCS that

Li(Fy)
= 1E[CctTAtiCt|Ft]
T-1
+EIAT[R+ ATAmA - AJAJF]+ Y| E [ATT(R +ATALA = ADA, Ft]
T=t+1
+ tr(NAp) + Vvl

= ]E[zctTAtzctlFt] + It + Vi,

where we apply the definitions of I; and y;. This gives the required
expression of L;(F;). O

Kalman Filter

Kalman filtering (and filtering in general) considers the following

setting: we have a sequence of states x;, which evolves under ran-

dom perturbations over time. Unfortunately we cannot observe x;,

we can only observe some noisy function of x;, namely, y;. Our task

is to find the best estimate of x; given our observations of y;.
Consider the equations

x;1 = Ax; + Ba; + €

Y1 = CTpi1 + g4

where € ~ N(0, %), 8;,1 ~ N(0,X%) and ¢; and v; are independent. (We
let ¢ be the sub-matrix of the covariance matrix corresponding to
€ and so forth...)

The Kalman filter has two update stages: a prediction update
and a measurement update. These are

J_ﬁt+1|t = Ait+1|t + Bat (Predict' ].)
Pt+1|t = Apt“AT + Zf [Predict'2)
and
ZTr1 = Trerpr + Ki(Yrer — Cya ) (Measure-1)
Pii1 = Proaye — KiCPryq s (Measure-2)
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where
K; = Pt+1|tCT(CPt+1|tCT + Z?)-

The matrix K; is often referred to as the Kalman Gain. Assuming
the initial state x, is known and deterministic Pyp = 0 in the above.

We will use the following proposition, which is a standard re-
sult on normally distributed random vectors, variances and covari-
ances,

Prop 66. Let u be normally distributed vector with mean @ and co-
variance %,,, i.e.
u~N(a, Ly,).

i) For any matrix A and (constant) vector ¢, we have that
Au+c~ N(Aua +c,AL,AT).
ii) If we take u = (v, w) then w conditional on v gives
(w]v) ~ N(@ + ZuoL (v = 8), Lo = T Loy Tow)

iii) Var(Au) = AL,AT, Cov(Au, Bu) = AL,BT.

We can justify the Kalman filtering steps by proving that the
conditional distribution of x;,; is given by the Prediction and mea-
surement steps. Specifically we have the following.

Thrm 67.

[xeailyron, apnl ~ N(@eape, Prea)
[Zi1lY0:4+11, o] ~ N(Zra, Praa)

where yjo.4q = (Yo, ..., yr) and ajy := (ay, ..., a;). Thus
]E[xt+1|Ft+1] = Ti41
where ;.1 is given by (Measure-1).

Proof. We show the result by induction supposing that

[y, agi-11] ~ N (&, Py) .
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Since x;,; is a linear function of x;, we have that
[ea1lyion, apnl ~ N(@eape, Prea) -
where, by Prop 66ii), we have that
Zpo1p = AZy + Bay, Py = APLAT + X°.

Given y;.1 = Cxy4q +90;, we have by Prop 66iii) that Var(y.1|ypo,q, apo) =
CPt+1|tCT and Cov(xty1, yt+1|y[o,t], CL[O,t]) = Pt+1|tCT- Thus

_ _ P P, CT
[($t+1,yt+1)|y[0:t],a[o:t]] ~ N([$t+1|t, C$t+1|t],[ Ctl-;tl-|:1|t C;:+1CT + Zf )l

Thus applying Prop 66ii), we get that

[xt+1|y[0:t+1],ﬂ[0:t]] = [[xt+1|y[0:t],ﬂ[o:t]]|]/t+1]
~ N<ﬂ_ﬂt+1|t + PiapCT[CP1CT + 227 (Yis1 — Cranpe)

Py — Pt+1|tCT[CPt+1|tCT + Z?]_lcptﬂu)-
That is, as required, [z 1lyjo.41), ajon] ~ N(®141, Priq) for

i1 = Tt + Ki(Yre1 — CZraapr)
Pt+1 = Pt+1|t - KtCPt+1|t

where K; = Ppy1iCT(CPpqCT + XZ2). -
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Continuous Time Control
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2.1 Continuous Time Dynamic Programming

e The Hamilton-Jacobo-Bellman equation; a heuristic deriva-
tion; and proof of optimality.

e Linear Quadratic Regularization.

Discrete time Dynamic Programming was given in Section 1.1. We
now consider the continuous time analogue.

Time is continuous t € R,; x; € X is the state at time ¢; 4, € A is
the action at time t; Given function f : X X A — X, the state evolves
according to a differential equation

ar f(xt/ a). 2.1)

This is called the Plant Equation. A policy 7 chooses an action T,
at each time t. The (instantaneous) cost for taking action a in state
x at time f is c(a,x) and c(x) is the reward for terminating in state x
at time T.

Def 68 (Dynamic Program). Given initial state x,, a dynamic program
is the optimization

T

L(xo) := Minimize C(a) := f e~ *c(xy, a)dt + e *Te(xr) (DP)
0
subject to % = f(x, ar), te R,
over a; € A, teR,

Further, let C.(a) (Resp. L.(x;)) be the objective (Resp. optimal objec-
tive) for (2.1) when the summation is started fromt = 1, rather than
t=0.

When a minimization problem where we minimize loss given the
costs incurred is replaced with a maximization problem where we
maximize winnings given the rewards received. The functions L, C
and c are replaced with notation W, R and r.
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Def 69 (Hamilton-Jacobi-Bellman Equation). For a continuous-time
dynamic program (2.1), the equation

0= r;rég\ {c(x,a) + dLi(x) + f(x,a)dLi(x) — aLi(x).} (HJB)

is called the Hamilton-Jacobi-Bellman equation. It is the continuous
time analogoue of the Bellman equation [2].

A Heuristic Derivation of the HJB Equation

We now argue why the Hamiliton-Jacobi-Bellman equation is a good
candidate for the Bellman equation in continuous time.
A good approximation to the plant equation (2.1) is

Xtvs — Xt = 5f(xt, a) 2.2)
for 6 > 0 small, and a good approximation for the objective is
C(a) := Z (1 — ad)c(x,,a)d + (1 — ad)oc(xr) 2.3)
t{0,6,...(T—5))

This follows from the definition of the Riemann Integral and we fur-
ther use the fact that (1 — ad)"® — e as 6 — 0.

The Bellman equation for the discrete time dynamic program
with objective (2.3) and plant equation (2.2) is

Li(x) = ngqul {c(x,a)0 + (1 — @d)Lirs(xt + Of (x,a))}

If we minus L;(x) from each side in this Bellman equation and
then divide by 6 and let 6 — 0 we get that

0 = min{c(x, a) + d:Li(x) + f(x,a)dL(x) — aLi(x),}

aeA
where here we note that, by the Chain rule,
(1 = ad)Lis(x + 0f) — Li(x)

o

Thus we derive the HJB equation as described above.

0 IiLi(x) + f(x, a)dxLi(x) — aLy(x).

The following result shows that if we solve the HJB equation then
we have an optimal policy.

68



2.1. CONTINUOUS TIME DYNAMIC PROGRAMMING NSW

Thrm 70 (Optimality of HJB). Suppose that a policy I'1 has a value
JSunction C,(x,I1) that satisfies the HJB-equation for all t and x then,
IT is an optimal policy.

Proof. Using shorthand C = Cy(%;, I1):

d

—g (e_atct(ft, H)) = e_at {C(?Zt, ﬁt) - [C(ft, ﬁt) —aC+ f(.ff, ﬁt)(?xc + (9tC]}

< e_atC(ft, ﬁt)

The inequality holds since the term in the square brackets is the
objective of the HJB equation, which is not maximized by 7. O
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Linear Quadratic Regularization

Def 71 (LQ problem). We consider a dynamic program of the form

T
Minimize f [x:Qx; + a;Ra;] dt + x7Qrxr (LQ)
0
d
subject to % = Ax; + Ba,, telR,
over a; € R", teR,.

Here x; € R" and a; € R". A and B are matrices. Q and R symmet-
ric positive definite matrices. This an Linear-Quadratic problem (LQ
problem).

Def 72 (Riccarti Equation). The differential equation with
Alt) = —-Q-ADA-ATAWH) + AG)BR'BTA(t) and A(T) = Qr. (RicEq)
is called the Riccarti equation.
Thrm 73. For each time t, the optimal action for the LQ problem is
a;, = —R'BTA(H)x,,
where A(t) is the solution to the Riccarti equation.

Proof. The HJB equation for an LQ problem is
0 =min{x"Qx +a'Ra + d;Li(x) + (Ax + Ra) " d.L;(x)}

acR™

We now “guess" that the solution to above HJB equation is of the
form L;(x) = xTA(t)x for some symmetric matrix A(t). Therefore

d:Li(x) = 2A(Hx and J,Li(x) = x" A(t)x
Substituting into the Bellman equation gives

0 = min {xTQx +a"Ra +x" A(t)x + 2xT A(x)(Ax + Ba)} .

aclR"

Differentiating with respect to a gives the optimality condition
2Ra+2x"A(t)B=0

which implies
a=-RT'BTA(t)x.
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Finally substituting into the Bellman equation, above, gives the ex-
pression

0 =x" [Q+A(t) + ADA + ATA(t) - A()BR'BTA(t)| x.

Thus the solution to the Riccarti equation has a cost function that
solves the Bellman equation and thus by Theorem 70 the policy is
optimal. O
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2.2 Stochastic Integration

e Heuristic derivation of the Stochastic Integral and It6’s for-
mula.

What follows is a heuristic derivation of the Stochastic Integral,
Stochastic Differential Equations and It6’s Formula.

First note that for (B; : t > 0) a standard Brownian motion argue
that, for all T and for 6 sufficiently small and positive,

(Bio-B)=Br and Y (Bis-B)Y~T  (2.4)

te{0,6,.., T} te{0,6,.., T}

The 1st sum is an interpolating sum. By independent increments
property of Brownian motion, the 2nd sum adds IIDRVs with each
with mean 6. Thus the strong law of large numbers gives the ap-
proximation. From this it is reasonable to expect that

T
U(Xt) (Bt+5 - Bt) ~ \fo‘ U(Xt)dBt

te{0,5,..,T}
and
T
W(Xy) (Brs — B » f u(Xp)dt.
te{0,5,..,T} 0

The first sum, above, is approximation from a Riemann-Stieltjes
integral, i.e.

T
fo fhdgB ~ Y FOE+5) = g(b)).

te{0,,.., T}

So one might expect a integral limit. (This is unrigorous because
Riemann-Stieltjes Integration only applies to functions with finite
variation — while Brownian motion does not have finite variation.)
The second sum is a Riemann integral upon using the approxima-
tion (Bu.s — B;)> ~ 6. This is, very roughly, how a stochastic integral
is defined.

We can also define stochastic differential equations. If we induc-
tively define X; by the recursion

Xt+6 - Xt = G(Xt)(BtﬂS - Bt) + y(Xt)(S, t= 0, 6, 26, (2.5)
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then, by summing over values of t € {0,6,...., T — 0}, we expect X; to
approximately obey an equation of the form

T T
XT = XO + f G(Xt)dBt + f [J(Xt)dt
0 0

This gives a Stochastic Differential Equation.
Often in differential and integration, we apply chain rule, % =

f ’(xt)%. Ito’s the analogous result for Stochastic Integrals. Let X;
be as above. For a twice continuously differentiable function f and
0 > 0 small, we can apply a Taylor approximation

f(Xies) = f(X)
=f(Xi + 0(X)(Bt+s — Br) + u(X1)0) — f(Xr)

=f' (X)) {ud + 0 - (Birs — By} + f”(ZXt) {10 + 0+ (Brys — Bt)}2 +0(0)
:fl(Xt) {yé +0- (Bt+6 — Bt)} + f”(ZXt)OZ . (Bt+6 — B,f)2 + 0(6)

In the last equality we use that (B,s—B;) = 0(6"/?) (which follows from
(2.4)). Thus we see that

o(

2
fXvs) — f(Xp) = lf’(Xt)u(Xt) + }Z(t) f"(Xt)] 6+ f(X1)o(X¢) (B+s — By) .

Consequently we expecrt that f(X;) obeys the following Stochastic
Differential Equation:

’ a(X;)? T
X7) — Xp) = ! Xt Xt —f Xt d ! Xf Xt dBt
o - o = [ oo+ G ool [ oo

This is [to’s formula.
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2.3 Diffusion Control Problems

e The Hamilton-Jacobi-Bellman Equation.

e Heuristic derivation; Davis-Varaiya Martingale Principle of Op-
timality.

We consider a continuous time analogue of Markov Decision Pro-
cesses from Section 1.3.

Time is continuous t € R;; X; € R” is the state at time ¢; a; € A is
the action at time ¢.

Def 74 (Plant Equation). Given functions p/(X;, a;) = (Wi(Xe, a;) : i =
1,.,n) and oy(Xs, a;) = (0] (Xp,a0) :i=1,..,n,j =1,...,m), the state evolves
according to a stochastic diff erential equation

dX; = w(Xy, ap)dt + o,(Xy, a;) - dB;

where B; is an m-dimensional Brownian motion. This is called the
Plant Equation.

A policy 1t chooses an action 7t; at each time t. (We assume that r; is
adapted and previsible.) Let # be the set of policies. The (instanta-
neous) cost for taking action a in state x at time ¢ is ¢;(a, x) and cr(x)
is the cost for terminating in state x at time T.

Def 75 (Diffusion Control Problem). Given initial state x,, a dynamic
program is the optimization

T
L(xp) := mir}{in?}ize C(xo, IT) := E,, [f e~ c(Xy, )dt + e *Tep(Xr)| (DCP)
€ 0

Further, let C.(x,IT) (Resp. L.(x)) be the objective (Resp. optimal objec-
tive) for (DCP) when the integral is started from time t = T with X; = x,
rather than t = 0 with X, = x.

Def 76 (Hamilton-Jacobi-Bellman Equation). For a Diffusion Con-
trol Problem (DCP), the equation

0= min{ci(5,0) + L) + (x,0) - 2Lo(x) + 10701 - Il (x) — L)
(HJB)
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is called the Hamilton-Jacobi-Bellman equation.! It is the continuous
time analogue of the Bellman equation [2].

Heuristic Derivation of the HJB equation

We heuristically develop a Bellman equation for stochastic differ-
ential equations using our knowledge of the Bellman equation for
Markov decision processes, in Section 1.3 (Theorem 21) and our
heuristic derivation of the stochastic integral in Section A.2. This
is analogous to continuous time control in Section 2.1.

Perhaps the main thing to remember is that (informally) the HJB
equation is

0= rrtyin {"instantaneous cost" + "Drift term from Ito’s Formula"}.
actions

Here Ito’s formula is applied to the optimal value function at time
t, Ly(x). This is much easier to remember (assuming you know Ito’s
formula).

We suppose (for simplicity) that X; belongs to R and is driven by
a one-dimensional Brownian motion. The plant equation in Def 74
is approximated by

Xiys — Xp = w(Xy, 114)6 + 0¢(Xy, 714)(Brs — By)

for small 6 (recall (2.5)). Similarly the cost function in (DCP) can be
approximated by

Ci(x, IT) ~ ]E[ Z (1- aé)%ct(Xt, 7)o + (1 - aé)%cT(XT) .
t€{0,6,..,T—6)

This follows from the definition of a Riemann Integral and since
(1 - ad)s — . The Bellman equation for this objective function
and plant equation is satisfies

Li(x) = r;;gl {cr(x,a)0 + (1 — ad)Ey, [Liss(Xtas)]} -
or, equivalently,

) 1
0= 1};1?? {Ct(x/ 61) + SlEx,a [Lt+é(Xt+6) - Lt(x)] - a]Ex,a [Lt+6(Xt+é)]} .

Here [070] - dxxLi(x) is the dot-product of the Hessian matrix d,,L:(x) with o'o.
I.e. we multiply component-wise and sum up terms.
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Now by Ito’s formula L;(X;) can be approximated by
Lt+6(Xt+6) - Lt(Xt)

X 2
~ |0l + pe(Xe, 1) - diL + M&a@ 0+ dyL - 01(Xs, 111) - (Biss — By)
Thus
1 oi(X;, 11;)?
SEa Lio(Xino) ~ L) = L+ (X, ) - 2oL+ ST,

Substituting in this into the above Bellman equation and letting
0 — 0, we get, as required,

Gt(x/ a)Z
2

0= mi}r} {ct(x, a) + oL + pi(x,a) - oL + Oyl — aLt(x)} .

The following gives a rigorous proof that the HJB equation is the
right object to consider for a diffusion control problem.

Thrm 77 (Davis-Varaiya Martingale Prinicple of Optimality). Sup-
pose that there exists a_function L,(x) with Lr(x) = e *Tcr(x) and such
that for any policy IT with states X;

t
Mt = Ll‘(Xt) + f e_aTC-,_—(XT, H)d’f
0

is a sub-martingale and, moreover that for some policy IT*, M; is a
martingale then I'T" is optimal and

€

T
Lo(Xp) = min E lf e e (X, mo)dt + CT(XT)] .

Proof. Since M; is a sub-martingale for all I, we have

T
Lo(Xa) =My < EIMy] = | [ &0, Tde + LX)
0 S~——
Cr(Xr)

C(XU/H)

Therefore Ly(Xy) < C(Xo, IT) for all policies II.
If M; is a Martingale for policy IT*, then by the same argument
Lo(Xo) = C(Xo, H*) Thus

C(Xo, IT") = Lo(Xp) < C(Xo,IT)
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for all policies IT and so IT* is optimal, and it holds that

€

T
Lo(Xo) = I’IIIIQIE [f €_aTCT(XT, T(T)d"( + CT(XT) .
0
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2.4 Merton Portfolio Optimization

e HJB equation for Merton Problem; CRRA utility solution; Proof
of Optimality.

e Multiple Assets; Dual Value function Approach.

We consider a specific diffusion control problem. We focus on set-
ting where there is one risky asset and one riskless asset, though
we will see that much of the analysis passes over to multiple assets.

Def 78 (The Merton Problem — Plant Equation). In the Merton prob-
lem you wish to optimise your long run consumption. You may invest
your wealth in a bank account receiving riskless interest r, or in a
risky asset with value S; obeying the following SDE

dSt = St {GdBt + ‘let}

where each B = (B; : t > 0) is an independent standard Brownian
motion.
Wealth (W, : t > 0) obeys the SDE

th = T(Wt — TltSt) dt + ntdSt - Ctdt (263)
S —— ——
Webaltl;( in sz(;lststm consumption

= T’(Wt — N St) dt + ng - dSt — Ctdt (2.6b)

You can control ¢; your rate of consumption at time t and n; the number
of stocks the risky asset at time t. Also, we define 6, = n;S; to be the
wealth in the risky asset at time t.

Def 79 (The Merton Problem — Objective). Given the above plant
equation, (2.6), the objective is to maximize the long-term utility of
consumption

V(wg) = max IElf e_Ptu(Ct)dt].
(n1,¢0)=0€P (wo) 0

Here p is a positive constant and u(c) is a concave increasing utility

Sfunction. The set P(w,) is the set of policies given initial wealth wy.

Further, let V(w,t) be the optimal objective with the integral starting

for time t with w; = w.
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2.4. MERTON PORTFOLIO OPTIMIZATION NSW

Prop 80. The HJB equation for the Merton Problem can be written as
1
0 = max {u(c) — cd,, V} + max {G(y - 1)d,V + 502628wwV} - pV +rwd,V

Here the optimal 6 and ¢ are given by

AV

0= N

G_Z(H - 1’), = (u/)_l(awv)

Proof. First we note that we can rewrite the SDE for W, as follows:

th =r (Wt — Ny - St) dt + ng - dSt —Ctdt
~———
:nfStdentStadB,

= (rWt + (lLl - 7’)6,} - Ct) dt + GtUdBt .
Recall that informally the HJB equation is

0= max {"instantaneous cost" — pV + "Drift term from Ito’s Formula"}.
acuons

Notice that if we apply Ito’s formula to V(W;) we get that

AV(W,) = 2 VNN, + 22, VNIV,
= 8wV(Wt) [T(Wt — N St) dt + ng - dSt — Ctdt]

625>

+ &tV(Wt)dt + T&UWV(Wt)dt

Applying this to the above term gives as required
0= né%x {u(c) —pV+(w+0-(u—1r)—c)d,V + %02628WV}
= max {u(c) — cd,V} + max {Q(y -7+ %azezawwv} —pV +rwd,V
Differentiating the HJB equation w.r.t. 0 gives

02004V = (1t — 1)y, V.

Now rearrange for 6*. The final part is a straight-forward calculation
on sup, {u(c) — cd,V}. O
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Merton for CRRA Utility
We focus on the case of CRRA utility, that is:

R
u(c) = TR
for R > 0.
V(wy) = max ]E[foo e‘ptﬁdt].
medzo | Jo 1-R

Prop 81. For a CRRA utility it holds that:
a) The Value function takes the form

wl—R

Vw) =y1—x

Jor some position constant y > 0.
b) The HJB equation is optimized by

" w

0 = Ra‘z(y—r),
R 1-%_ 1-R

¢ =y *tw and suplu(c)-cd,V} = RV

c) The HJB equation is satisfied by parameters

y* =R {p+ (R—l)(r+ %%2)}

where
K= o'l(y —7).

Proof. a) Note that having a policy for initial wealth Aw, is the same
as having a policy of wealth w, and then multiplying each amount
invested by A:

00 Cl—R
V(Aw) =  max IE[ f et dtl
0

(n,c0)e=0€P(Awo) 1-R

= max [E ) e‘ptwdt = ARV (w).
(11,¢1)120€P(wo) 0 1-R

Letting A = w™ and y = (1 - R)V(1) gives the result.
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b) By part a), d,V(w) = yw ™ and 9y, V(w) = —Ryw k1. So, by Prop
80,
. vV -2 W
0" = awwva (u=r) = RG (u=r)
Also,

sup {u(c) — cd,V} = 1/(c) = 9,V = yw™®

c

which since u/(c) = ¢ %, gives that ¢* = y‘%w. Further,

+1-R

sup {u(c) — cd,V} = ¢ — "9, V(c)

1-R

(rw)l R,
= gog 0Tt
— - lijl—%wl—R’

as required.
c) Applying a) and b) to the HJB equation in Prop 80 gives
R

1 (@, V)2

0= myl_%wl_l{ — EG_Z(‘U - 1")2 ERT - pV + rw&wV
R . ~ 1 (Vw—r)z wl—R
=R W 0 e ey TPV TR
11 ,u-r  p
_ ..1-R 19 _
— e [1—RVR+2“ R 1-R "
Cancelling yw'™® and rearranging gives the required for for y. m|

To summarize: we notice we have shown that the parameters

0" = %G‘Z(‘u -r), = y_%w, (2.7a)
* -1 1K2 -1
Y'=R p+(R—1)r+§E , kK=o (u—r). (2.7b)

give a solution to the HJB equation for the Merton problem. (Al-
though we have not yet proven them to be optimal.) Further note
that the weath under these parameters obeys the SDE

dW, = W, {R™'kdW, + (r + R - y)dt}
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which is a geometric Brownian motion:

1
Wi = Woexp (R, +(r+ 2 (R)) - ]

We now give rigorous argument for the optimality of parameters
c*, 0" and y" for the Merton problem with CRRA utility. (This section
can be skipped if preferred.)

Thrm 82. The parameters in (2.7), above, are optimal for the Merton
problem.

Proof. Since u(y) is concave, u(y) < u(x) + (v — x)u’(x). Thus for (; =
e P’ (c;) o e *B(+3M! we have that

E [fow e‘ptu(ct)dtl <E [fow e P {u(c}) + (¢ — cpu'(c})} dtl

=E lf e Pu(c)dt
0

Next we show that

+E [foo (Ct - C:) Ctdtl (2.8)
0

¢
Yy = GWi + f Cscsds
0

is a positive local martingale. It is clear that the function Y; is pos-
itive. Note that

2
_ . B (1 K2
G =ePu'(c]) = DeT™ B+ where  yw,.

Define function
2
fi(W,B) = Wexp {—KB - (r + %t)}

and note that (;W; = Dfy(W;, By). Now lets apply Ito’s formula to
fi(Wi, By). By Ito’s formula:

df = 3, fdt + y fAW, + Jp fdB; + %8BB FA[B]; + Ipo fAIBW]; + %aww FA[W],.

Now lets check terms.

0f = ~{r + GRYWe BN gyf = L We IR g f = e

aBBf — KZWe—KBt—(H%KZ)t &wa — _Ke—KBt—(r+%K2)t awwf =0
d[B]; =dt d[W,B]; = Oodt
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Substituting these into Ito’s formula above gives,
_ —kBi—(r+ 1)t 1 2
df =e 2 —W<r+§1< )dt+{rW—ct+6(y—r)}dt
W,
+ 60dB; — WxdB; + EK dt — Ooxdt

Cancelling (using that xo = (u — r)) and rearrganging we get
af + e_KB’_(”%)tctdt = ¢ B+ (96 — W] dB;

So t ,
CW, + f Cscsds = Dfy(Wy, Br) + f Deie B+
0 0

is a local-Martingale. Recall from stochastic integration theory that
every positive local martingale is a supermartingale.
Doob’s Martingale Convergence Theorem applied to Y; gives

Cowp =Yy >EY, =E lf Cscsdsl
0
Since ; = eP'u/(c}) = e7P!(c;)™® and by the definition of V(wy):
]Ewo [f Csczdsl = ]Ewo [f e_pt(ci)l_RdS] = (1 - R)V(wo)=)/w(1)_R = Cowp
0 0

The last equality holds since {, = (¢;)™® and c; = y/RW:.
Combining the last equality and the inequality before that, we

see that .
]Elf (Ct—C:)Ctdt] <0.
0

Applying this to (2.8) we see that

E [fom e_ptu(ct)dt] <E lf:o e_ptu(cj)dt]

and, as required, c; is optimal. O
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Merton Portfolio Optimization with Multiple Assets

We now note how the above results extend to the case where there
aren't many assets. Now suppose that there are d assets that can
be in invested in. These obey the Stochastic Differential Equation

N
dsi = §i {Z o'ldB] + uidt} , i=1..,d
j=1

where B{ is an independent Brownian motion for each j=1,...,N.
Wealth now evolves according the SDE

th = T(Wt — Ny St) dt + n; - dSt — Ctdt

where n; = (n! : i = 1,...,d) gives the amount of each asset S; = (S! :
i=1,...,d) held in the portfolio at time t. Also we define 8, = (n'S! : i =
1,...,d) as the wealth in each asset. As given in Def 79, our task is
the maximize the objective

Vw)= max E [foo e_Ptu(ct)dtl.
0

(nt,c1)120€P(wo)

We now proceed through exercises that are very similar to the case
with a single risky asset. We go through the proofs somewhat
quickly.

Lemma 4. Show that the HJB equation for the Merton Problem can
be written as

0 = max {u(c) — cd,, V} + max {0 (u—7)d,V + %|00|Z8wwV} — pV +rwd, V.

wherer = (r:i=1,...,4d).

Proof. The proof follows more-or-less identically to Prop 80. Note
that in this case Ito’s formula applied to V(W) gives

AVN) = 3,V (N)AW, + 30V )TW,

where
th = (T’Wt —rmy; - St )dt + ny - dSt —Ctdt = (7’Wt + Gt(ﬁl, - ’l") - Ct) dt + OtTO—dBt
~—— ——
6-r 07 [0d B+ pdt]

d[W1, = ) (6] 0)(6] 0);dIB;, B]] = 1001dt.
ij
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Thus
1
dV(Wt) = l(rWt + Ht(u - T) - Ct) 8wV(Wt) + §|00|28wwV(Wt)] dt + etTOdBt

This is the drift term applied in the HJB equation. Thus recalling
that

0 = max {"instantaneous cost" + "Drift term from Ito’s Formula"}.

actions

This gives the require HJB equation. O
Lemma 5. Show the optimal asset portfolio in the HJB equation is
given by
dwV
0 = oo’
- S 0a) M=)
and
1 T T _ 2(a V)2
n?%eutrmm+2woam%ﬂﬁ_ SIS

Proof. Considering Lemma 4 we have that
1
max {0 (= 1r)d,V + E(GTGTGO)&UWV} — (u—7)du V40wV (0 0)8" = 0.

Solving for 6 and substituting back into the maximization gives the
answer. O

Lemma 6. Show that for a CRRA utility the optimal solution to the
HJB equation is given by

. 1

0 = <o) (u-7), =y tw

where

2
y—% {p +(R-1D(r+ = > |R| )} k=0 (u-r).

Proof. 6 (In this proof when we refer to Prop 81 we mean that the
argument which was applied in the single-asset setting is identical
in the multiple asset setting.)

By Prop 81a)

Vw)=y1—x
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for some constant y. Differentiating twice gives
_duV
AV

By Prop 81b), ¢ = y~fw. Substituting these solutions into the HJB
equation gives

o = (00" (1= 7) = 20T (=),

1
0 = max {u(c) — cd,, V} + max {0 (u—7)d,V + §|00|28wwV} - pV +rwd,V
R 1-R
“1-Rr/ 1-R
Rearranging and solving for y gives the required solution for y*. O

Def 83 (Merton Portfolio and Market Price Risk Vector). As given
above,

R

1
1-d 1R §|"5|2 . %wl—R —py + rywt

0 = <o) (u=7),
is called the Merton Portfolio and
k=0 (u-r).

is called the Market Price Risk Vector.

Dual value function approach

We could solve the CRRA utility case because it had a special struc-
ture. We now give a method for solving for general utilities u(t, c).
Here we assume that u(¢, ¢) is continuous in f and ¢, concave in ¢
and satisfies
}1_)12 u'(t,c)=0

The HJB equation for the Merton problem is
1
0= max {u(t, O)+dV+(w+0-(u—r)—c)d,V + EIGTQF&WV}.
We take the LF transform of u,
u*(t,z) = max{u(t, c) — zc}

Further we define
J(t,z) = V(t,w) —wz

where w is such that z = 9,V (t, w).
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Thrm 84. The HJB equation can be written as
. L oo
0=u'(t,c)+ 9] —rzd,] + §|K| z2°0,,]

Moreover if we suppose that u(t,x) = e P'u(x), for u(x) concave and
increasing, the HJB equation becomes

0=1y) = pily) + (o =nyj' W) + %lezyzj”(y)

Noticed in the first HIB equation above that we have got rid of
the maximization and in the second we have a linear ODE, which
can be solved using standard methods.

Proof. First we will show that

1

aZ] = —-w, 822] = _a vV ’

8t] = 8tV (29)

We can ignore the dependence of ¢ for the first two expressions i.e.
take J(t,z) = J(z). Now J(z) = V((V')"(2)) - 2(V")"'(2). so

I@ = WY@ V() @) - (V)@ - (V) (@) = ~(V) (@) = —w
~———

=z

and
1 1

17 _ _i = _ —_ _
IO == @) T V)

Now reintroducing dependence on ¢,

] dw dw
E = &tV(t, ZU) + E awV —EZ = 8tV

This gives the required derivatives in (2.9).
Substituting the expressions in (2.9), the HJB equation is
1
0 = max {u(t,z) — cd,V} + max {0 (n—7)d,V + §|00|28wwV} + 0,V + rwd,V

(@ V)?
aww V

=u'(tz)+ %IRIZZZ(?ZZ] + 0] —rzd,] .

+ 0,V + rwd,V

1
= M*(i’, aw‘/) - §|R|2
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Now is we suppose that u(t,x) = e Pu(x), for u(x) concave and
increasing, then by the same argument as Prop 81a) we have that

V(t,w) = e PV(w).

Defining j(z) = V(w) — wz where w is such that z = d,V(t,w), the
following are straightforward calculations:

J(t,2) = e j(y), 9] = —pe™™j(y) + pe'yj (y)

9:] =1 (y), d] = e (y)

where y = ze?’. Now substituting these terms into the HJB equation
gives the result:

1
0=u(tz)+ 9] — 120.] + E|1<|2zzazzj .
=P (y)  =—pe P j(y)+peyi (y)  rePlyj(y)

%|K|2y2€—pt]‘//(y)
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Exercises

Ex 85. We consider the standard Merton investment problem. We
assume that utility is derived from both consumption and wealth ac-
cording to the function

w*cP

1-R

Jor a and g positive constants such that 1 — R = a + . Show that the
solution to the HJB equation is of the form

u(c,w) =

wl—R

1-R

and write down the HJB equation for this problem and use it to_find
the constant A.

V(w) = A

Ex 86. We consider the standard Merton investment problem. We
assume that utility has the form

1
u(c) = —Ee_RC.

Jor R > 0. Argue that the HJB equation (as a_function of wealth and
time) has a solution of the form

V(t,w) = —Ae e

for some positive constant A and that for this there is constant amount
of wealth kept in the risky asset.

Ex 87. We consider the Merton investment problem but now the in-
terest rate can vary. Wealth (W, : t > 0) satisfies Wy = w and obeys
the stochastic differential equation

AW, = {riW; + ([J - T’t)Qt — ¢;}dt + 6,0dB;.
and the interest rate obeys the stochastic diff erential equation
dry = (¥ — r;)dt + 0,dB;}

where g, ¥ and o, are fixed parameters and B} is a standard Brownian
motion with covariation [B}, B{] = nt .
We maximize the utility of a CRRA utility function:

1-R
s

V(w,r) = max ]E[ f e Pu(cs)ds
0

(05,¢5)s=0

Wo=w,rg = r], with  u(c) = 1C_ R
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Show that,

1-R

Viwn =y

Jor some function y(r), and analyse the HJB equation to find the dif-
Jferential equation that the function y(r) must satisfy.
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Stochastic Approximation
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3.1 Robbins-Munro.

Robbins Munro step rule.

Robbins-Siegmund Theorem.

Stochastic Gradient Descent.

Asynchronous Implementation.

We review a method for finding fixed points then extend it to slightly
more general, modern proofs.
Often it is important to find a solution to the equation

0 =g(x")

by evaluating g at a sequence of points. For instance Newton’s
method would perform the updates x,.1 = x, — g(x,,)/g’(x,). However,
Robbins and Munro consider the setting where we cannot directly
observe g but we might observe some random variable whose mean
is g(x). Thus we observe

Yn = g(xn) + €y (3 1)

where €, is a random variable with mean zero and hope solve for
g(x) = 0. Notice in this setting, even if we can find ¢’(x), Newton’s
method may not converge. The key idea of Robbins and Munro is
to use a schema where

Xn+1 = Xn — OnlYy (RM)

where we chose the sequence {a,}, , so that

Faso  Taicw

n n
Before proceeding here are a few different use cases:

e Quartiles. We want to find x such that P(X < x) = p for some
fixed p. But we can only sample the random variable X.

e Regression. We preform regression g(x) = fy + f1x, but rather
than estimate  we want to know where g(x) = 0.
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e Optimization. We want to optimize a convex function f(x)
whose gradient is g(x). Assume that f(x) = Z,Ile fi(x) for some
large K. To find the optimum at g(x) = 0 we randomly sample
(uniformly) fi(x) whose gradient, g(x), is an bias estimate of

g(x).

The following result contains the key elements of the Robbins-Munro
proof

Lem 88. Suppose that z, is a positive sequence such that
Zp1 < zy(1—ay,) +cy, (3.2)

where a, and c, are positive sequences such that

Zan = oo, and ch < 0o (3.3)

n n

then lim, .z, = 0.

Proof. We can assume that equality holds, i.e., z,,1 = z,(1-a,)+c,. We

can achieve this by increasing a, or decreasing c, in the inequality

(8.2); neither of which effect the conditions on 4, and b, (3.3).
Now for all n we have the following lower-bound

n—1 n-1 n—1
~20 £z — 20 = Z(Zkﬂ —ZK)= ) Gk~ Z AkZk
k=0 k=0 k=0

Since ) ¢ < oo it must be that ) 4zx < co. Thus since both sums
converge it must be that lim, z, converges. Finally since ) a; = oo
and ) a,z; < oo it must be that lim,, z, = 0. O

An Easy Robbin’s Munro Proof

The following lemma is a straight-forward proof based on the origi-
nal argument of Robbins and Munro. This proof is intentionally not
the most general but instead gives the key ideas.

We assume that sup, E[y,] < co. The main assumption that we
make is that, for some « > 0

() — 80N (v — x) > «lly — x| (3.4)

Here are a couple of instances where this holds:
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e ¢(x) is the gradient of a strongly convex function f(x).!

® ¢ ¢ [Xmin, Xmax] — [Umin, Ymax] is differentiable real valued with
Z(Xmin) < 0, g(xmax) > 0 and there is a unique point x* such that
g(x) =0 and g'(x*) > 0.

The first item shows that Robbins-Munro plays nicely with convex
optimization problems. The second items shows however, that we
don’t need g to be the derivative of a convex function for the method
to work.

Thrm 89 (Robbins-Munro). If we chose x, acording to the Robbin-
Munro step rule (RM) and we assume (3.4) then we have that

B[, = %] — 0

where here x* satisfies g(x*) = 0.

Proof. Let z, = E[(x, —x")?], e, = E[y2] and d,, = E[(x,, — x*)(¢(x,) — g(x))].
Then we have
Zpy1 = I[:‘—"(-'X:n+1 —Xp + Xy — X*)Z
= IE(xnﬂ - xn)z + ZIE[(an - xn)(xn - x*)] + IE'(xn - X*)2
= aiIE'[yi] - ZanIE'[g(xn)(xn - x*)] + IE'(xn - X*)z

_ 2
= aye, — 20,d, + 2,

Thus
dy = E[(x, — x7)(g(xn) — g(x")] = KE[(x, — x7)(xy — X7)] = K2, .
Thus
Zuy1 < z,(1 — 2a,x) + aien.
Now applying Lemma 88 gives the result. O

Additional Lemmas

The following Lemma is also sometimes applied to get tighter bounds
on convergence.

Note, if ¢(x) = Vf(x) then (3.4) is the definition of f(x) begin strongly convex.
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Lem 90. Suppose that z, is a positive sequence such that
Zu+1 < Zp(1 —ay) + ¢y

Then

Zns1 < Zo ﬁ(l —a) + icj H (1 —ax)
k=0

=0 k=j+l
Proof. The proof follows by repeated substitution

Zus1 < z2y(1 —ay) + ¢y < 2y (1 — ay1) + 1)1 — ay) + ¢,
< Zn—l(l - an—l)(l - an) +Cy + Cn—l(l - an)

SZQﬁ(l —ak)+zn“c]- ﬁ(l — )
k=0

=0 k=j+l
O
The following proposition is a Martingale version of the above result.

Prop 91 (Robbins-Siegmund Theorem). If
E[Z,1|F.] <A —a,+b,)Z, +c, (8.5)

Jor positive adaptive RVs Z,,a,,b,, c, such that with probability 1,

Zan:oo, an<oo, and ch<oo
n

n n
then lim,_,. z, = 0.

Proof. The results is some manipulations analogous to the Robbins-
Munro proof and a bunch of nice reductions to Doob’s Martingale
Convergence Theorem.

First note the result is equivalent to proving the result with b,, = 0
for all n. If we divide both sides of (3.5) by [],_,(1 — b,,) we get

E[Z, 4 |Fu]l < A —a))Z, + ¢y,

where a, = a,/(1+b,), ¢, = cu/ [1,-o(1 + b)) and Z,, = Z,,/ T1;,.—o(1 + by,).
Notice since }’ b, converges then so does [[(1 + b,). Thus 4/, ¢, and
Z! have the same convergence properties as those required for a,, ¢,
and Z,. Thus, we now assume b, = 0 for all n.
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Now notice
n-1

n—1
Yo=Z,+Y aZi- Y c
k=0 k=0
is a super-martingale. We want to use Doob’s Martingale conver-
gence theorem; however, we need to apply a localization argument
to apply this. Specifically, let tc = inf{n > 0: },/_;c; > C}. Thisis a
stopping time. Notice

nAtc—-1

Yoo 2= ) 6,2 —C

k=0

S0 Yuar. is a super-martingale and below by —C. Thus by Doob’s
Martingale Convergnce Theorem, lim,_,. Yar. €xists for each C > 0,
and 7¢ = oo for some C, since )}, ¢, <oo. Thus lim, . Y, exists.

Now notice

n n

Y 6= ) =2 = Yot S Yo

k=1 k=1

So like in the last proposition, since limY, and }. c; exists, we see
that )7, a,Z; converges. And thus Z/,, converges.

Finally since we assume } ; a; = co and we know that },2, 2,Z; < co
it must be that Z; converges to zero. O
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Stochastic Approximation Examples.

Ex 92. Consider the Stochastic Differential Equation
d@t = —atg(Qt)dt + atdBt .

Suppose that for some unique 0* that (0" — 6)g(0) < —||6 — 6*|]*/2. Use
Ito’s formula to argue that z; = E||0;, — 0*|?/2 obeys the differential

equation

E < -z + Eat
Then show that

t
t 1 t
Zi—zy < e hosds 4 f Ea?e‘fs udt g
0

We analyzing the 2nd term in this expression. Suppose that a; = sl
using Integration by parts or otherwise, show that

t
f lage—fsaududs < l + g _2e—fls’yds.
L2 ot

Rmk 93. A quick remark before proceeding with the solution. Note
that the above SDE behaves very similarly to the Robbins-Munro step
rule. Notice that 6; behaves like the following process

t t
0;— 6y = G(f ocsds) + B(f a?ds)
0 0

where here G(t) is a solution to the differential equation 6; = —g(6;)
and B(t) is a standard Brownian motion. If we take a; = 1/s” for
y € (0,1] then integral in the Brownian term is finite, so the random
part of the process eventually converges. While the integral in the G
Jfunction goes to infinity, so we observe the entire sample path of G(t)
is explored. So we expect to converge to the stationary behaviour of
the ODE 6 = —¢(0). This point is quite informal. Basically the work of
Kushner and Yin [CITE] argues this point in a somewhat more formal
sense.
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References

Robbin-Monro introduce the procedure was (unsurprisingly) intro-
duced by Robbins and Monro [33] (A very readable paper). Stochas-
tic approximation has grown enormously, see Krushner and Yin [24]
for an excellent text on the topic. The discussion on finite time error
is based on Bach and Moulines [1]. Asynchronous update section
is based on reading Tsitsiklis [40] (and Bertsekas & Tsitsiklis [6]),
here we apply a Robbins & Siegmund [34].

3.2 Stochastic Gradient Decent

Suppose that we have some function F : R? — R
F(0) = Ex[f(X; 0)]

that we wish to minimize. We suppose that the function f(X;0)
is known and so is its gradient g(6; X), where E[g(0; X)] = G(0) is
the gradient of F(0). The difficulty is that we do not have direct
access to the distribution of X, but we can draw random samples
X1,X3,.... We can use the Robbins-Munro Schema to optimize F(6).
Specifically we take

Ops1 =0, — Ofngn(gn) (SGD)
=0, —a,G(0,) + a,€,
where ¢,(0) = g(0;X,) and €, = G(0) — g.(0) . The above sequence

is often referred to as Stochastic Gradient Descent. We chose the
sequence {a,} >, so that

Faso  Taicw

n n

(Note here we may assume that ¢, is a function of previous param-
eters and observations 6, ...,0,_; and Xj, ..., X,_1.) We let || - ||, be the
Euclidean norm. We can prove that convergence 0, to the minimizer
of F(0).

Thrm 94 (Stochastic Gradient Descent). Suppose that 0,,, G(:), and
€, in Stochastic Gradient Descent (SGD) satisfy the following condi-
tions

1. 30" such that Y0, G(6) - (0 — 6°) > ull0 — 6°|2
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2. IG(O.)IE < A + B0
3. Ellle,JBI7] < K

Then lim, 0,, = 0" where 0 = argmin, F(0) and assuming «a, are deter-
ministic then lim EE[||6, — 6°|3] = 0

Let’'s quickly review the conditions above. First consider Condi-
tion 1. Note condition 1 implies moving in the direction of 6" always
decreases the F(0), so 0 minimizes F. The statement (G(0) — G(¢)) -
(0—¢) > ull0—9ll* is equivalent to F(0) being strongly convex. So this
is enough to give Condition 1. Condition 2 can be interpreted as a
gradient condition, or that the steps 0, do not grow unboundedly.
Condition 3 is natural given our analysis so far.

Proof.
10041 = 67115 = 116, — 0113
== ,G(6,) - (0, = 0") = aney - (0, — ,G(6,) — 6") + azllenll; + a2 lIGO)I
Taking expecations with respect to E[|7,] we get
E[l10n41 = 6115 = 16, — O°I317]

== a,G(0,) - (0, = 0") + s Elllenl 3171 + azl G013
< — a0, — I3 + a2K + a2(A + BJ|6, — O'12)

Thus, rearranging
E[l1051 = O 15171 < (1 = aupt + agB)II0; — O3 + a(K + A)

Thus by Proposition 91, 0,,; — 0. Further taking expectations on
both sides above we have

E[0:1 — 67151 < (1 - aup + a3 B)E[0, — 61151 + @, (K + A)

We can apply Lemma 88 (note that 4, = a,u + o2B will be positive
for suitably large n), to give that E||0,. — 6*||§] — 0asn — o as
required. O

Finally we remark that in the proof we analyzed |6, — 6*|, but
equally we could have analyzed F(6,) — F(0") instead.
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Finite Time Error Bounds for Stochastic Gradient Descent

Above we established convergence of Stochastic Gradient Descent.

However, once we know it works we might want to know how well

it works. Considering the same set up as above, we establish some

finite time bounds on the error of stochastic gradient descent.
This involves a more exact analysis of the inequality

E[[|0441 — 6°I3] <(1 — ot + a;B)E[||O,, — 67|3] + a2C (3.6)
that we found in our proof of Theorem 94. (Here C = K+ A.)

Thrm 95. There exist positive constants a,a,, M, and M,

4C 1 1- 1y
E[|0,41 = 0°]3] < FC— + E[ll60 — 6"51Mae™" 7 + n' 2 Mpe" . (3.7)

Proof. Letting z, = E[||0, — 6*||§]. Applying Lemma 88 gives that

n

Zn+1 < Zo H(l apl + osz )+ Z Coz H (1—agu+ aiB)

k=0 j=m+1

=Fy =Gy
We now bound F, and G,. First, F,, assuming % > ai B we get

F, <exp {—% Z ak}

k

For G, we split the sum down the middle and bound the two parts:

G, = Zn: Ca? ﬁ(l—aky+ak3)+nz/2:Ca H(l ak‘u+a£B)
m=n/2 j=m+1 j=m+1
Sgan/zi %ﬁ 1—— [ZC&)H(I——
H m=n/2 j=m+1 j=n/2

=TT (1 55)-TT0,, (1= 55)

<%an/21—ﬁ 1——\ (an ]exp{——z }

j=n/2 k=n/2
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Putting our bounds on F, and G, together then gives
oC [J n [l n
Zusl S — Q2 + 20 €XP {_E Z ock} + (Z Cozi) exp {_E Z ock}
H k m=0 j=n/2
Letting o, = n”” and noting };_, n™" = fln x7Vdx+M = (x}77=1)/(1-y)+M
for a constant M. We get that

ntr

(1 - (%)w)
2(1-7y)

1-y

Zp+1 S

= + zoM; exp {— x

1-2a _
o 2(1_y)}+n M; exp

O

Rmk 96. Notice the order of magnitude achieved is correct (assuming
the original inequality in (3.6) is tight). To see this notice that the
product for G, above behaves as the intergral to which we can apply
integration by parts:

11 M
1 _ma 1 1 _ma
RN (R PN
] X 1 X% xe
~—_————

which suggests that the convergence rate of nia Jound for this term is
of the correct order of magnitude.
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3.3 Lyapunov Functions

Lyapunov functions are an extremely convenient device for proving
that a dynamical system converges.

e For some continuous function f : R*" — R", we suppose x(f)
obeys the differential equation
% = f(x(t)), teR,. (3.8)

e A Lyapunov function is a continuously differentiable function
L:R" - R with unique minimum at x* such that

f(x)-VL(x) <0, Vx # x". (3.9)
e We add the additional assumption that {x : L(x) < I} is a com-
pact set for every I € R.

Theorem 1. [f a Lyapunov exists (3.9) for diff erential equation (3.8)
then L(x(t)) \y L(x*) ast — oo and

x(t) — x".

t—o0

Proof. Firstly,

dL(dxt(t)) — f(x(t)) - VL(x(t)) < 0.

So L(x(t)) is decreasing. Suppose it decreases to L. By the Funda-
mental Theorem of Calculus

L—L(x() = f TALEE) g (3.10)

ds t—o0

Thus we can take a sequence of times {s;},2, such that % — 0 as
Sk — o0. As {x : L(x) < L(x(0))} is compact, we can take a subsequence
of times {t};7, C {st}2;, tx — oo such that {x(,)};? , converges. Suppose
it converges to X¥. By continuity,

0= lim dL(;f")) = lim f(x(t)) - VL® = f(%) - VL(®).

Thus by definition ¥ = x*. Thus lim;. L(x(t)) = L(x*) and thus by
continuity of L at x* we must have x(t) — x". O

e One can check this proof follows more-or-less unchanged if x,
the minimum of L, is not unique.
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La Salle’s Invariance Prinicple

We generalize and strengthen the Lyapunov convergence result in
Theorem Lya:ConvThrm. Here we no longer consider convergence
to a unique global minimum of L(x). Instead, we find convergence
to points

X* ={x:g(x) - VL(x) = 0}

The set X* is called the set of invariant points. Notice, under the

conditions of Theorem 1, X* = {x*}. In general, X* contains all local

[and global] minima of L(x). If the dynamics exclude invariant points

which are non-local minima [for instance by taking g(x) = —nVL(x)]

then X* is exactly the set of local minima. The result which proves

convergence to invariant points is called Salle’s Invariance Prinicple.
We assume the following

e The process x(t), t € R, obeys the o.d.e.

dx
7 = 86

for ¢: RY -» R? a continuous function.

e x(0) € X where X is a compact set such that if x(0) € X then
x(t) € X for all ¢.

e The Lyapunov function L : RY — R, is a continuously differen-
tiable function such that

g(x)-VL(x) <0, Yxe X

and we let
X*={xeX:g(x) VL(x) =0}.

La Salle’s Invariance Prinicple is as follows?

Theorem 2 (La Salle’s Invariance Prinicple). As t — oo, x(t) con-
vergences to X* uniformly over initial conditions x(0) € X. That is:
Vx(0) e X Ve >0 3T > 0 such that

min [x(T) — x*| <e.
x*eX*
2The orginial result of La Salle proves pointwise convergence rather than uni-

form convergence, other than this the proof closely follows La Salle’s argument.
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Proof. If x(0) belongs to a compact set then L(x(0)) <[ for some [ > 0.
For 6 > 0, we let X*(6) = {x € X : —g(x) - VL(x) < ¢6}. Since dL/dt =
g(x) - VL(x) and L(xo) < I, for time T > L/6 is must be that x(t) € X*()
for all t > T. [This is the main part of the argument completed.]

It is reasonable to assume that x(f) € X*(6) for 6 suitably small
then x(t) must be close to X*. This is true and to show this we
prove the following claim: for € > 0 36 > 0 such that if x(f) € X*(0)
then |x(T) — x*| < € for some x* € X*. The proof is a fairly standard
analysis argument: suppose the claim is not true, then there exists
a sequence x, such that -g(x,) - VL(x,) < 1/n and [x, — x*| > € for
all x* € X*. Since X is compact x,, — x, over some subsequence
{niJken. By continuity g(x.) - VL(Xs) = 0 and [x, —x*| > € for all x* € X,
which is a contradiction since g(x)-VL(x») = 0 means x., € X*. This
contradiction thus such thata there there exists a value n* such
that for all x such that —g(x) - VL(x) < 6 := 1/n* implies min, [x —x*| <
€. O

Remark 97. We assume x(t) € X for some compact set X. Notice a
natural condition that implies compactness is that

hlrln inf L(x) = co.
Specifically this implies that X; := {x : L(x) < I} is compact and by
assumption that L(x) is decreasing, if x(0) € X; then x(t) € X, for all
telR,.
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Convex Lyapunov Functions

Next if we assume a bit more about L(x) we can ask more about the
rate of convergence. We assume that

e [(x) is convex, min, L(x) =
e |lx;]| < D for some D

Note, before we proceed recall that L(x) is a convex function iff

VLx)(y = %) < L(y) - L(x) < VL(y)(y — x).

Theorem 3. Given the assumptions itemized abouve,

D
< —_
L(x7) Ty

T
where %7 = %fo xdt.

Proof. By Jensen’s inequality,

T
L(%r) < % fo L(x(t)dt .

So we analyse the integral of L(x(t)).

T T T
fo L(x(t))dt :f(; L(x(t)) — L(x™)dt S‘fo VL(x(t))(x(t) — x™)dt
Notice that since % = —n,VL(x(t)) we have

_z—allx(t) x*|? = VL(x(t))(x(t) — x).

Substituting this into the integral above gives

T T
1 *
fo LG(t)dt < - fo T dt”x(t) 2t

T T 7]
= - —IIx(f)—X*IIZ] +f Sllx(t) = x*|P——dt
[27719 0 0
D D D

<—+—=—
277T 277T nr
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Finally, applying this to our Jensen bound on L(¥1) gives

_ D
L(XT) < T_T]T .
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Contractions.

For Markov decision processes working with contractions is impor-
tant since the Bellman operator is a contraction in the || - ||, norm.
Thus we give some Lyapunov convergence results in this case.

Recall that F : R —» R? is a contraction if, for g € (0,1) it holds
that

IE(x) = FW)llp < Bllx = ylly

in this section we let

1
d P
Il = (Z waAP]
i=1

for weights w; > 0 and p such that 1 <p < co.
Theorem 4. [f we suppose that x(t) obeys the ODE

d

d—f = F(x) —x

where F(x) is contraction with fixed point x* then L(x) = ||x — x[|, is a
Lyapunov function and x(t) — x*.

Proof. We let sgn(x) be the sign function that is sgn(x) = +1 if x > 0,
sgn(x) = =1 if x < 0 and sgn(x) = 0 if x = 0. For now we assume
1 < p < oo (shortly we will extend to allow p = o).

By the chain rule

dL _ JL dxi
dr ~ Ox; dt
1p
[
= [Z wjlxj - x*|p] Z wisgn(xi - x;)lxi - x*ll_p (Pz(x) — xi)
j i S—
Fi(20)=Fi(x*)—(x—xF)
=,

e = x*]], " [Z wisgn(xi — x7)xi — x7 P (Fix) = Fix")) | =l = 21,

Sle=x* P HIF () —F(x*)llp

< IF(x) = FG)lp = llxe = x*1l,
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Therefore integrating the above gives

() = 1], = [Ix(s) — 51, < f IFGe() = FG, — () — ¥t

Notice we can allow p = oo in the above expression since |z[|, — ||z[|«
uniformly on compacts. So applying the fact F is a contraction we
gain that

[le() = x* Ml = llx(s) — 2™}, < —(1 - ﬁ)f [l () = x* [l

which ensures convergence of x(t) to x*. O
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Exponential Convergence

We now place some assumptions where we can make further com-
ments about rates of convergence.

Theorem 5. If we further assume that f and L satisfy the conditions
1. f(x)-VL(x) < —=yL(x) for some y > 0.
2. A a,n > 0 such that af|x* — x||7 < L(x) — L(x").
3. L(x) =0.
then there exists a constants x,K > 0 such that for allt € R,
llx(t) — x°|| < Ke™. (3.11)
Proof.
PO~ fixtt) - VLx0) < —yLGx0)

So long as x(t) # x*, L(x(¢)) > 0, thus dividing by L(x(t)) and integrating
gives

1 dL(x(s))

log L(x(t)) — log L(x(0)) = j(; oG df ds < —yt

Rearrganging gives
L(x(t)) < L(x(0))e™"

This gives exponential convergence in L(x(t)) and quick application
of the bound in the 2nd assumption gives

llx(t) — x°|| < Me—%t.
a

O

e We can assume the 2nd assumption only holds on a ball ar-
round x*. We have convergence from Theorem 1, so when x(t)
is such that assumption 2 is satisfied we can then apply the
same analysis for an exponential convergence rate. Ensuring
the 2nd assumption locally is more easy to check, eg. check L
is positive definite at x*.
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References

The Lyapunov method goes back to Lyapunov in (1892) [29]. Ex-
tensions were considered by La Salle [26]. A widely used textbook
treatment is Khalil [23]. Applications to internet congestion control
are given by Srikant [36]. The convex Lyapunov function proof is
the an o.d.e adaptation to the result of [48].
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3.4 ODE method for Stochastic Approxima-
tion
We consider the Robbins-Monro update

Xp41 = Xy + an[g(xn) + en]

The condition for convergence used was

[o¢]

ian:oo, Zai<oo. (RM)

n=0 n=0

Put informally, the condition }, a, is used to keep the process mov-
ing [albeit inn decreasingly small increments] while the condition
Y., &> ensures that the noise from the process goes to zero.

Given that noise is suppressed and increments get small, it is
natural to ask how close the above process is to the ordinary differ-

ential equation
dz

= = 8®).
Moreover, can Lyapunov stability results [that we applied earlier] be
directly applied to prove the the convergence of the corresponding
stochastic approximation scheme? Often, the answer is yes. And
this has certain conceptual advantages, since the Lyapunov condi-
tions described earlier can be quite straightforward to establish and
also we don’t need to directly deal with the compounding of small
stochastic errors from the sequence ¢,.

The set up. The idea is to let

n

tn:Zak and 7 ={t,:neZ,}.

k=0

Here ¢, represents the amount of “time" that the process has been
running for. We then let

x(t) = x,,, fort=t,3

SWe could also linearly interpolate between these terms to define x(t) for all
t € R,, but we choose not to do this as it provides no new insight and only serves
to lengthen the proof.
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We let z,, be the solution above o.d.e. started at x,, at time ¢,, that
is p

Zm
W = g(Zm(t))/ and Zm(tm) = Xm-
We then compare x(¢) and z,(t) to see how much error has accumu-
lated since time t,. More specifically we are interested in

sup |lx(t) = zw(DIl-

te[ty tm+TINT

Assumptions. In addition to the Robbins-Monro condition (RM),
we make the following assumptions.

e ¢ is Lipschitz continuous.
e For F,, = (X, €p1 : m < 1)
Eleq|F,] =0

and sup, E[€?] < co.

Main result. A key result that we will prove is the following propo-
sition

Proposition 1.

lim sup |lx(t) =z () =0.

M= te by tm+ TINT
where convergence holds with probability 1 and in L2.*
Proof. Notice t
Zm(ty) = Xy + fn Zu(u)du
b

while
n-1 n-1 tn n-1
x(t,) = x, + Z arg(xi) + Z Qx€x = Xy + f g(x(luly))du + k€
k=m k=m tm k=m
4Convergence in L? occur assuming || - || is the usual Euclidean distance.
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where |u], = max{t, : t, < u}. So

outt) — x| ¥ e+ | gt — gx(Ll
p— b

<| ;: aver]| + f e e) = (Lol

which implies by Gronwall’s Lemma [Theorem 123]
n-—1
lzw(t) = x| < || Y, anerfje e < [[M, = Ml (3.12)
k=m

where the final inequality holds for ¢, such thatt, —t, < T, and we
define M, = Y ;_; e Notice that M,, n € IN, is a martingale and
further

EM? = Za]E[e,%] < KZai < oo
k=1 k=1

where K = max; lE[ei]. Thus M, is an L? bounded Martingale and

thus convergence with probability 1 and in L2. Consequently M, is
a cauchy sequence, meaning

lim sup |[|IM,, — M,,|| =0

nm

with probability 1 and in L2. Applying this to (3.12) gives the re-
quired result
lim  sup |lzu(t) —x(t)|| = 0.

M= ye b b+ TINT

Applying the o.d.e limit. Before we focus on the proof of Proposi-
tion 1, it's worth explaining how it can be applied. The main idea
is to

1. Check that the o.d.e. convergence by showing gets close to the
some desired set of points X* in T time units for each initial
condition x,, n € IN.

2. Then apply Proposition 1 to show that the stochastic approxi-
mation is also close to the o.d.e at time T.
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This is sufficient to show that the stochastic approximation con-
verges to X*.

Here, we combine La Salle’s Invariance Principle, Theorem 2,
with Proposition 1, though, in principle, we could have considered
any of the ode results from Section 3.3. We assume that the as-
sumptions of Proposition 1 are satisfied. In addition we assume,

e Almost surely,
sup ||x,|| < co.
n

Further we recall that for La Salle’s Invariance Principle, we as-
sumed there was a Lyapunov function L : R — R, such that

e L is continuously differentiable .
e g(x)-VL(x) <0 for all x.
e The sets {x : L(x) <[} are compact for all /.

Also we defined X* := {x : g(x) - VL(x) = 0}. Recall that La Salle’s
Invariance Principle stated that for all solutions to the o.d.e. dz/dt =
g(z(#)) with z(0) € {x : L(x) < I} there exists a T such that max,»ex+ |z(t) —
x*|<eforallt>T.

Theorem 6. For the stochastic approximation scheme

Xp41 = Xy + an[g(xn) + en]

described in Proposition 1 and given a Lyapunov function L as de-
scribed above, it holds, with probability 1,

x, — X*
n—o0

Proof. First we check that the o.d.e solutions z,(t) considered in
Proposition 1 are going to satisfy the conditions of La Salle. In par-
ticular, La Salle’s result requires o.d.e. solutions to all belong to
some compact set. Notice, since we assume that C := sup, [|x,|| < oo
we can let [ = max{L(x) : ||x]]| £ X} and take X = {x : L(x) < [}. Since
L(z(t)) is decreasing for all solutions to the o.d.e. We see that z,,(t) € X
for all m and t > t,,.

Next we set up the bounds from the two results. From La Salle’s
Invariance Principle, we know that Ve > 0 3T > 0 such that Vt > T
and Vm

min |z, (t, + ) —x*[ < €.
X
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Taking this choice of T, we know from Proposition 1 that there exists
m* s.t. Ym > m*

sup  |lx(f) —zm(B)ll < €.
te[ty tm+2TINT

Notice we can take m* suitably large so that a,, =: t,, —t,,-1 < T for all
m > m*. Notice this implies that

U [ty + Tty + 2T] = [t + T, 00).

m:m>m*

Now notice that if n is such that t, € [t,, + T, t,, + 2T] for some m > m*
then combining the inequalities above, gives that

in |, = x| < [l = 2 (Bl + minz,,(£:) — 21| < 2e.

Thus we see, with the union above, that for all ¢, > £, + T it holds
that min, ||x, — x*|| < 2e. In other words x, — X* as required. O

References

The o.d.e approach to stochastic approximation was initiated by
Ljung [28]. Shortly after it is was extensively developed by Kushner,
see [25] and [24] for two text book accounts. The arguments above
loosely follow the excellent text of Borkar [9]. We shorten the proof
in several ways and consider L? convergence. A further text with a
general treatment is Benveniste et al. [4].
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3.5 Asynchronous Update

We now consider Robbins-Munro from a slightly different perspec-
tive. Suppose we have a continuous function F : R — R” and we
wish to find a fixed point x* such that F(x*) = x*. We assume that F(-)
is a contraction namely that, for some g € (0, 1),

IE(x) = F()lloo < Bllx = Ylloo - (3.13)

.....

existence of a fixed point). (Note the previous analysis was some-
what restricted to euclidean space.) If we suppose that we do not
observe F(x) but instead some perturbed version whose mean is F(x),
then we can perform the Robbins-Munro update for each compo-
nenti=1,..p:

xi(t + 1) = xi(t) + ai(t)(Fi(x(t)) — xi(£) + €i(t)) (RM-Async)

where «;(t) is a sequence such that for all i

Z a;(t) = oo, Z 22(t) < 0. (RM step)
t

t

Further we suppose that €;(f — 1) is measurable with respect to %,
the filtration generated by {a;(s), xi(s)}s<; measurable and

Elei(t)IF:] = 0. (3.14)

We assume both the functions F(x) and the noise €;(t) are bounded.®

Asynchonous update. Note that in the above we let the step rule
depend on i. For instance at each time t we could chose to update
one component only at each step, e.g., to update component i only,
we would set a;(t) = 0 for all j # i. Thus we can consider this step
rule to be asynchronous.

Convergence result. We can analyze the convergence of this simi-
larly

Theorem 7. Suppose that F(-) is a contraction with respect to || - ||
(3.13), suppose the vector x(t) obeys the step rule (RM-Async) with

SHowever, we remark that this assumption can be relaxed significantly. At
some expense in doubling the length of the proof. See [40].
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3.5. ASYNCHRONOUS UPDATE NSW

step sizes satisfying (RM step) and further suppose that F(x) and
noise terms are bounded, then

}im x(t) =x"
where x* is the fixed point F(x*) = x".

Proof of Theorem 7. We need to take some time to set up notation
and prove three short Lemmas. After this we can wrap up the proof.

First, we may assume with out loss of generality that x* = 0, since
the recursion above is equivalent to

xi(t+1) —x" = xi(t) — x" + a;(B)(Fi(x(t)) — Fi(x") — xi(t) + x" + €i(t)) .

Given the assumption on F;(x(t)) + €;(t) being bounded, we have
that that ||x(t)||. < Dy for all ¢, for some Dy < 0. Further define

Diar = B(1 +2€)Dy..

Here we choose € > 0 so that (1 + 2¢)f < 1 so that Dy — 0. By
induction, we will show that, given ||x(t)|l < Dj for all t > 7 for some
7;, then there exists a 7;,1 such that for all t > 7,4

[lx()llo < D1
We use two recursions to bound the behavior of x;(t):

Wit +1) = (1 — ai()) Wit) + aii(t)ei(t)

Yi(t+1) = (1 — ai(t))Yi(t) + ai(t)BDx .
for t > 1, where Wi(ty) = 0 and Y(7x) = 0. We use W;(t) to sum-
marize the effect of noise on the recursion for x;(t) and we use Y;(t)

to bound the error arising from the function F;(x) in the recursion.
Specifically we show that

[xi(t) — Wi(t)| < Yi(t)

in Lemma 7 below. Further we notice that is a Robbin-Munro re-
cursion for W;(t) to go to zero and Yj(t) to go to pDx.

Lemma 7. Yt, > 1
lxi(£) — Wi(t)] < Yi(t)
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Proof. We prove the result by induction. The result is clearly true
for t = 4.

xi(t+1) = (1 — ai(t)xi(t) + ai()Fi(x(t) + ai(t)ei(t)
< (1= ai(®)(Yi(t) + Wi(t)) + ai(t)BDy + ai(t)ei(t)
=Yit+1)+ Wit +1)

In the inequality above with apply the induction hypothesis on x;(t)
and bounds of F;. The second equality just applies the definitions of
Y; and W;. Similar inequalities hold in the other direction and give
the result. O

Lemma 8.
tlim IWi(t)l = 0

Proof. We know
E[Wi(t + 1)177] < (1 = 2a:(t) + a7 (D)W(1)* + ai(t) E[e(t)*|F7]-
From the Robbins-Siegmund Theorem (Prop 91), we know that
tlgg W(t) = 0.

Lemma 9.
Yi(t) p— BDx

Proof. Notice

Yi(t+1) = BDr = (1 — ai(t))(Yi(t) = pDx) = ... = (H(l - Oéi(S))] (Yi(0) — BDy)
s=1

The result holds since ), a;(t) = co. O
We can now prove Theorem 7.

Proof of Theorem 7. We know that |[x(t)|| < D, for all t and we as-
sume ||x(t)|l < Dy for all t > 7,. By Lemma 7 and then by Lemmas 8
and 9

()l < Yilt) + [WiH) —— BDx

Thus these exists 74, such that sup,, . [I¥(t)llo < Dty1. Thus by in-
duction we see that SUPys., |lx(t)||l~ decreases through sequence of
levels Dy as k — oo, thus x(t) goes to zero as required. O
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Chapter 4

Tabular Reinforcement
Learning
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4.1. PRINCIPLES OF REINFORCEMENT LEARNING NSW

4.1 Principles of Reinforcement Learning

e Overview of Reinforcement learning and terminology.

e Policy evaluation & policy improvement; exploration-exploitation
trade-off; model free control; function approximation.

First we discuss at a high level a few of the key concepts in Re-
inforcement learning. These will then be discussed in more precise
mathematical detail for specific examples and algorithms in subse-
quent sections.

Reinforcement Learning: Reinforcement Learning is the setting
where we do not know the transition probabilities of a Markov De-
cision Process (or we might want to approximate a control problem
with MDP). For instance, you might be able to simulate a problem
with states, actions and rewards but you do not have access to the
underlying dynamics of the simulation. Enough information must
be gathered to approximate the optimal action for each state.

Policy Evaluation and Policy Improvement: When we look at re-
inforcement learning algorithms the same principles that applied
to MDPs (with known transition probabilities) apply. I.e. we might
want to think of the steps of the algorithm either improving the
policy:
1i(x) € argmax {r(x,a) + BE,, [R(%, 70)]}
acA

or evaluating the reward function of the current policy

R(x, ) = E

Z pr(X:, W(Xt))w .
t=0

Although algorithms might be subject to more noisy estimates.

Exploration-Exploitation trade-off: Because transition probabili-
ties are unknown, when you are at a state, say x, there is a question
of whether you should perform the best action 4* given the available
information and thus attempt to implement the best known policy;
or if you should chose a different (possibly random) action and thus
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4.1. PRINCIPLES OF REINFORCEMENT LEARNING NSW

get better information about the value of that action. I.e. there is
a trade-off between doing what is myopically best given the avail-
able information (exploitation) and trying something new incase it
might be better (exploration). (This is similar to policy evaluation
and improvement, but here we are interested in finding the statisti-
cal properties of each action rather than performing computations
on a function.) Problems that investigate exploration and exploita-
tion tradeoff in isolation are often called Multi-armed Bandit prob-
lems, and there is a vast recent literature on these topics as well as
a very well developed theoretical basis preceding this.

Model Free Control: Here we are especially interested in methods
that are model free. A method is model free when it does not require
an explicit estimation of the system dynamics, specifically, we don’t
try to estimate the transition probabilities P{, for each action. For
instance, if we perform policy improvement based on an estimation
of the value function to V,

ni(x) € argmax r(x,a) + Z P V(%)
aeA %

then this is not model free, because we need to estimate P?, in addi-
tion to our estimate of the value function V. Instead we might con-
sider the Q-function of the MDP. This is the function Q(x,a) which
gives the value function for taking action 2 in state x and then af-
terward follow the optimal policy. If we perform policy improvement
based on an estimation of the Q-function

ni(x) € argmax Q(x,a)
acA

then this is model free. We will discuss this in more detail in the
next section.

Function Approximation: If the set of state and actions is mod-
erately small then we can store functions of interest such as the
Q-function Q(x,a) as a table (or matrix) in computer memory. These
algorithms are often called table based methods. But for larger
problems or of problems with continuous state spaces and action
spaces, then it is not possible to store this information. Further
the likelihood of revisiting exactly the same state twice is vastly re-
duced. So often we have to infer relationships between states that
are "close" and hope that the value function is suitably continuous
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4.1. PRINCIPLES OF REINFORCEMENT LEARNING NSW

that this forms a good approximation. So here we might for in-
stance replace the value function Q(x,a) with some approximation
Quw(x,a) which is of lower dimension than Q(x,a). Here w represents
a weights that we use to parameterize our approximation (e.g. we
could approximate continuous real valued function with a polyno-
mial). Then we might look to find the best approximation:

n}uin]E[(Q(x, ﬂ) - Qw(x/ a))Z] .

Here we let Q(x, a) be the Q-values of the current policy as observed
from the data seen so far and we look to find the weights that give
the best approximation. Above we minimize the mean-squared-
error of the loss function, but we could consider other metrics and
we could approximate other functions e.g. policies 7,,(x) ~ 7, (x).

Further Terminology.

Def 98 (Episode). When we run a sample path of an MDP under a
policy 1t we call this an episode.

Here we implicitly assume that each episode terminates, or re-
freshes after some finite time.

In reinforcement learning we are often fitting functions R(x, ),
Q(x,a) and 7(x) using simulation data. Here performing updates of
the form

R(x) « R(x) + ad(z)

We need to specify when and how often we perform these updates.
These give different variants of each algorithm that we consider.

Def 99 (Offline and Online update). If we perform the update (4.1)
at the end of each episode simultaneously for each x then we say that
the update is offline. If we update (4.1) for each x in the order visited
by the episode, the we say this is online.

Note that we can perform online updates while we simulate an
episode, while offline we must wait for the episode to end. Note
that the offline algorithm updates are synchronous — we update all
components of R(x) simultaneously — while online algorithms asyn-
chronously update.

Def 100 (First Visit and Every Visit update). If we perform the up-
date (4.1) only once for the first visit to x then we say this is the first
visit. If we perform an update (4.1) for each visit to x we say this is
the every visit update.
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In an offline every-visit algorithm, we assume an update of the form

N
R(x) « R(x) + ) ad(@?)
v=1

i.e. we only update R once at the end of the episode, but the update
applies a term for every visit v = 1,...,N to x. While in an online
every-visit algorithm, we update

R(x) « R(x) + ad(x)

When we talk above different policy evaluation algorithms we can
talk about offline & online and first-visit & every-visit variants.
From a theoretical perspective offline first-visit algocrithms are eas-
ier to deal with. While from an implementation perspective, every-
visit online algorithms are more straight-forward to program (as we
don’'t need to remember anything).

References.

The book of Sutton and Barto is the gold standard on reinforcement
learning [39] . Though to go a little deeper, I have benefited a lot from
reading the more mathematically rigorous text of Bertsekas and
Tsitsiklis [6]. Bertsekas has a new book on reinforcement learning
which I will likely reference once I have a copy!
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4.2 Policy Evaluation: MC and TD meth-
ods

e Monte-Carlo and Temporal differences.
e TD(0), n-step TD, TD(A).

e Importance Sampling, Stopping Time and Tree back up.

We now begin to consider algorithms for Markov decision prob-
lems where the rewards are not known and, now, these need to be
estimated either through simulation or data. Recall from Section
1.5 that a MDP algorithm consists of two parts: policy evaluation
and policy improvement. Here we begin to see policy evaluation as
a statistical procedure rather than just linear algebra.

Our task in this section is to estimate the reward function

i ﬁtV(Xt, ﬂt)] .
t=0

for a stationary policy 7 by generating episodes under the policy 7.

R(x, ) := E,,

Some Terminology

Since our policy = will not change in this section we will often sup-
press the dependence on 7 our notation. To estimate R(-), we will
be applying updates of the form

R(x) « R(x) + ad(z) 4.1)

for each state x, where & = (%, X1, ...) is the set of states visited from
X0 = x onwards and where d is a function of some of these states
and the current reward function.
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Monte-Carlo Policy Evaluation

Monte-Carlo policy evaluation is the simplest method of evaluating
a policy. Here you simply run a number of episodes under a policy
and calculate the mean future reward for each state. As is shown
in Lemma 10 below, it is not hard to see that we calculate the mean
of N data points empirically through the recursion:

- 1 - =
R« R+ =(R-R).
—R+(R-R)

Def 101 (Monte-Carlo Policy Evaluation). When x is visited in an
episode update

N(x) « N(x) +1

_ _ 1 - _
R(x) « R(x) + NG (R(x) - R(v))

where
R(x) = r(%o) + pr(%1) + .0 r(21)

is the observed reward after visiting state x to the end of the episode.
Also N(x) is the number of visits to x and R(x) is the mean.

This update can be done on every visit to state x or the first time x is
visited in an episode. Monte-Carlo Policy Evaluation convergences
to the reward function

Proposition 2.
R(x) —— R(x) = E[R(x)].

N(x)—o0

The proof follows immediately from the strong law of large numbers.

Advantages and disadvantages. Monte-Carlo policy evaluation
has the advantage that it is simple and intuitive. Further it is an
unbiased estimate of the true reward. However, it requires a full
episode to perform an update. The variance of a full episode’s re-

ward can be quite big.
1

It the environment is continuing you can choose a state to be a “starting
state", and assuming that state is recurrent then you can reset the episode every
time that state is visited.
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Remark 102 (Forgetting the past). We can also perform an update
where we don't divide by the number of visits:
R(x) « R(x) + a(R(x) — R(x)).
Note that after N updates we get that:
R(x) = aRy + a(1 = a)Ry_1 + a(1 — a)*Ry_s + ... + a(1 — )V IR,.

This puts a _focus on the most recent rewards. (This can be useful if
the policy has been changing a small amount over each step, and we
care about the more recent information.)

Lemma 10. For data ay,a,, ..., we let iy be the mean of the first N
pieces of data, i.e.
N
1
ﬁN = N Z a,

n=1

Notice a,, obeys the recursion:

a —l(a —ay)
N+1—N N+1 N

Proof. After N iterations, the algorithm update gives

1
NxXxay=NX (ﬁN_l + N (an — dN—1))

=an + (N — 1)@1\]_1
N
i,

n=1

Above we can repeat the same substitution on (N — 1)ay_; as we did
for Nay. O
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Temporal Difference Learning

Like Monte-Carlo the temporal difference method is a way of es-
timating the value function of a dynamic program. While Monte-
Carlo required us to evaluate a whole episode of a simulation. Tem-
poral difference methods cut this short, so that, in principle, we
can update our reward estimate at simulation step.

Recall, that for any Markov chain the reward function satisfies

R(x) = Ey[r(x, %) + BR(%)] 4.2)
or, equivalently,
R(x) = R(x) + E[r(x, &) + BR(®) — R(x)]
which is a fixed point of the operation
R(x) < E[r(x, %) + R(Z) — R(x)]
which, in turn, can be approximated by
R(x) & r(x, £) + BR(%) — R(x).

The update term, above, is called a Temporal Difference, and the
algorithm given described is called TD(0). The above recursion is an
asynchronous Robbins-Munro step rule and so by Theorem 7 the
algorithm converges to the correct reward function. We summarize
each of these points below.

Def 103 (Temporal Differences). The above term
d(x,x") = r(x,x") + BR(x") = R(x)
is called a temporal difference.

Def 104 (TD(0)). The algorithm where on every visit to x we perform
the update:

R(x) < r(x, %) + BR(%) — R(x)
is called TD(0). Here TD stands for Temporal Difference.

Theorem 8. [f a;(x) the learning rate applied in TD(0) at state x after
t iterations is such that

[S¢]

Z ay(x) = oo, i 22(x) < oo,
t=0

t=0
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and if each state x € X is visited infinitely often then the TD(0) reward
estimate after t iterations, R;(x), is such that

i ﬁsi’(xs, xs+1):|

5=0

Ri(x) P R(x) := [E,

where the reward function, satisfying (4.2).

Proof. Notice that R;(x) follows the update

Ria(xp) = ap(xy) [r(xe, Xpi1) + BR(x441)]

and R;1(x") = Ry(x’) for all x* # x;. This is an asynchronous Robbins-
Munro scheme, and by Theorem 7 convergence almost surely to R(x)
satifying the condition

R(x) = E.[r(x, ) + BR(%)]

which by our result of rewards for Markov chains, Proposition 13
(see the proposition subsequent remark too), is equal to E, [} B (xs, Xs11)].
O

Remark 105. Very similar convergence proof exists for the other TD
methods mentioned in this section: n-step TD and TD(A). For instance
the proof of n-step TD is almost identical. The proof for TD(A) follows
in a similarly straightforward manner, we also refer the reader to [40,
Section 5.3] for a proof.

n-Step TD

In (every-visit) Monte-Carlo Policy Evaluation, to estimate the re-
ward we added the whole sequence of future rewards whereas in
TD(0) we only add one reward at a time. Therefore we can presume
that TD(0) has considerably lower variance, but perhaps at the cost
bias in our estimate. We can extend the TD update to include more
than one reward.

We can expand out the Bellman equation over n-steps:
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R(%0) = R(%o) + E [r(%0, £1) + BR(%1) — R(%0)]

1
BN
—_

= R(%) + E B'r(%:, 2111) + B"R(%,) — R(%o)

o

1T
I -
[

= R(%p) + E pld(z:, J?Hl)}

..t:

o

In TD(0) we update by adding the first temporal difference after
visiting x discounting each by a factor . Suppose now we update
by adding the next n temporal differences after visiting x.

Def 106 (n-Step TD). The update
n—1 n—1

Rx) &Y B, 2i1) = Y Br(Ry 1) + B'R(%) = R(%0)
t=0 t=0

is called n-step TD.

Notice that co-step TD is exactly Monte-carlo policy evaluation. And
notice 1-step TD is TD(0).

A Bias-Variance Decomposition. We can look at the n-step TD
update as moving a prediction R(x) towards a target observation

TD target = Z Br(2:) + B R (Busn)
t=1

Thus, if R™(x) is the true reward of the policy being evaluated then
the temporal difference error is

TD, := Z Br(&e) + B R(Rs1) — R™(Ro)
t=1

Like with regression, we can analyze the bias and variance of these
predictions.

Lemma 11 (Bias-Variance Decomposition for n-step TD).

E[TD?] = EA[R"(2,) - RGP+ V(R() + V(T pir(en)

Bias Variance
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Notice this splits the n-step TD error into two terms one bias term
and two variance terms: one for the time n predicted future reward,
R(%,); and one for the cumulated reward over n steps Zf;ol Bir(%y).

Proof.
ETDE] = .| (R"(io) - B'R() — i) () |
= B, [R™(80) — B'R(E,) — Ty Br(en)]
n—1 s 2
+ T, [(ﬁ"R(xn) + Y By — [,B”R(xn) — Lit=0 ,Bt”(xt)]) ]

= B E.[R™ (%) — R(%,)]?
+ E[("R(%,) — E[B"R(%:)])’]

+EI(05 Bre) — B T pirel) |
= PUEAR™(%,) = REP + B V(R(E) + V( L Br(di).

In the 2nd equality, we add and subtract E,[f"R(%,)— Y., ﬁ"‘r(xt)] and
then expand. In the 3rd equality, we note for the 1st expectatlon
that R™(x) — E.[Y.} ﬁt (x1)] = B"E[R™(%£,)] and we expand the 2nd ex-
pectation into two terms O

Remark 107. Notice that if rewards are roughly IID with variance ¢>

then W( Y ﬁtr(xt)) = 0%(1 = B*")/(1 — B). Thus the decomposition takes
the form:

2 62

1-g|"1-8

This gives some intuition on the number of steps n. Basically, de-
pending on whether the term in square brackets is positive or nega-
tive we should choose n large or small. Specifically if there is high
error or high variance in the future expected reward then n should be
increased in size. Howeuver, if there is small 1error and small vari-
ance in_future expected reward relative to the variance in individual
rewards, then n should be small. This could for instance imply that

the number of steps in the TD algorithm should be reduced for later
stages of training.

E[TD;] = g [lEx[R”(ﬁn) — RE)? + V(R(%,)) =
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TD-Lambda.*

Similar to n-step TD, we want to consider continuous update where
we can trade off bias and variance. Again like n-step TD, TD-Lambda
will represent a set of methods with Monte-Carlo policy evaluation
on the one extreme and TD(0) on the other. TD-Lambda continu-
ously parameterizes this range (rather than the discrete way that
n-step TD.

We break this into two pieces first describing an off-line TD(A)
update and then adapt it to give a more practical online update.

Remark 108. At a practical level, n-step TD methods are much more
simpler to understand and code up. They achieve much the same
goal as TD-lambda methods. TD-Lambda is elegant in their use of the
memoryless property of the geometric distributions. However, (in my
opinion) TD-lambda methods are arguably a marginal improvement
on n-step TD methods.

TD()\) - Offline

Under n-step TD we need to look forward through the next n-steps
of the algorithm and then preform an update. TD(A), which we de-
scribe shortly, makes use of the memoryless property of the geomet-
ric distribution to give a simplified update equation. In particular,
suppose that we apply n-Step TD with weight (1 — A)A” then at the
end of each episode we perform the update

R(x) & Z_;a — A" kz(; (%, Brot) = kZ; AKBEA (2101

for each x. Here we let %, be the first visit to x and we let %, %, ... be
the subsequent states.

Def 109 (TD(A) — Offline). The above update equation above gives
the Offline update for TD(A) under a first visit update.

If we perform the above update at the end of each episode for every
visit to x, we have

a k gk 70 £0) 2(0)
R(x) & Z Z ABrAEOR) )
v=1 k=0
where 32(()”) be the vth visit to x and we let ﬁ;”), ﬁg’), ... be the subsequent
states, then we gain the every visit update_formulation.
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Notice A = 0 corresponds to TD(0) and TD(1) gives Monte-Carlo
policy evaluation. Like n-step TD, trades bias and variance through
its parameter A.

TD()\) — Online

The TD(A) algorithm appears to only work offline, as we need to
record the chain’s transitions over the whole episode and then up-
date each term. However we can see a much simpler view exists
by extracting the contribution of each term to the update. We now
construct an update at every time step rather than at every visit.

Suppose we visited x just once at time 7. The contribution to the
update at the end of the episode is

R(x) « RE) +a Y (AB)~d(x:, x151)

We could view this single update as a sequence of updates occurring
at each time. So if we update at every time ¢, the contribution from
this visit to x at time 7 would be

R(x) < R(x) + a(AB)" ™" d(xt, X141)
——
=:E(t)

We could express the recursion that E(x) satisfies more compactly
as follows:
E(x) « (AB)E(x) + al[x; = x] (4.3)

Notice, if we wanted to implement the every-visit update, the above
recursion would stay the same. If we wanted to implement the first-
visit update the indicator function above would only be applied at
the first visit to x (and be zero there-after).

Def 110 (Eligibility Trace). E(x) as described above, (4.3), is called
the eligibility trace of the episode

The eligibility trace records a weighted count of how many times
x has been visited so far. Notice, because A is applied geometrically
in TD(A), we do not need to record how long since x was last visited.
We can now perform an online version of TD(A)
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Def 111 (TD(A) — Online). At each time step with current state x and
next state %, perform the following update to every state x’

E(x") « (AB)E(x") + all[x" = x]

R(x") « R(x") + E(x")d(x, %).

Here d(x, %) is the current temporal difference, and we start initially
with E(x) = 0.

Further TD methods.

We briefly mention a few quick generalization of the TD methods.

Importance Sampling. Suppose that we want to evaluate R(x) =
EP [ Y ‘Btr(o?t)] where P,, gives the probability of transitions. However,
the simulator used does transitions with probability Q,,. Then

p xX
Qxﬁ

Py
]Efj[f(x,a%)] = pryf(x/ }/) = Z Qny_yf(xr y) = ]Eg[ f(X, f)]
y v *y

for any function f : X? = R. For instance, TD(0) is searching for the
fixed point

0= EF [r(x) + BR(E) -~ R()] = EZ [r(x) +BR() g"’ﬁ - R(x)] .

XX

Thus, given the simulator generates transitions under Q, an impor-
tance sampled TD(0) w.r.t. P would be

P xx
Qxfc

Notice importance sampling for more general functions would be,

t—1
P. .
o, ) | | 222
s=0

= chs/fs-*—l

R(x) < r(x) + BR(X) == — R(x).

EZ[f(Ro, ..., £)] = ES

We leave it to the reader to use this to figure more general impor-
tance sampling update rules e.g. for Monte-carlo, n-step, TD(A).
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Stopping Times. If ¢ is a stopping time then we can update at a
stopping time and the appropriate TD update is

R(%o) & r(&o) + ... + B r(%y1) + B°R(%,) — R(%o)

Notice TD(A) is essential this update with the stopping time being a
geometrically distributed with parameter A. We include the possi-
bility that ¢ = co in which case Monte-carlo methods are included.
Further n-step and TD(0) are instances where the stopping time is
constant.

Resampling and Branching. Suppose 7 is a stopping time. For
example, 7 could be the time the total reward so far goes above some
predetermined level. We can resample the trajectory from the point
Tt and perform two or more update. Thus we can search around
that point for good trajectories.
Insert Picture here

For two updates, suppose £ A(ljl, A(lez, v X A(l(f) A(zjl, A(zjz, L X Afj;
two trajectories for stopping times ¢ and ¢® after time 7. We can
then perform two TD updates

and are

ah-1
R(20) & Z Brz) + Y R + pURGED) - R(zo)
t=T+1
a?-1
. " 6@ 1/ a N
R(%o) & Zﬁ @)+ Y FIER) + FURED) - R(k).
t=T+1
Even if the event 7 does not occur, (and thus ¢,0® and t are all
infinite) then you still need to update the objective twice, otherwise
you introduce bias into the system.

TD Trees. The above argument gives a simple method for resam-
pling and branching. With this branching argument, we can in
principle branch an arbitrary predetermined number of times. Here
we can create a tree and we must perform an update for each leaf
in that tree (even if the associated stopping time is infinite). This
somewhat related to the idea of Monte-Carlo Tree search which we
will discuss later.

References.

Temporal difference methods were introduced by Sutton [38]. So
the text of Sutton and Barto is the best place to go to to read more
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on this [39].
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4.3 Q-learning

e Q-learning and a proof of convergence.

Q-learning is an algorithm, that contains many of the basic
structures required for reinforcement learning and acts as the basis
for many more sophisticated algorithms. The Q-learning algorithm
can be seen as an (asynchronous) implementation of the Robbins-
Munro procedure for finding fixed points. For this reason we will
require results from Section 3.1 when proving convergence.

A key ingredient is the notion of a Q-factor as described in Sec-
tion 1.4. Recall that optimal Q-factor, Q(x, a), is the value of starting
in state x taking action a and thereafter following the optimal policy.
In Prop 30 we showed that this solved the recursion:

Q(x,a) = E, [r(x,a) + p max Q(f(, a))]. 4.4)

Def 112 (Q-learning). Given a state x, an action a, its reward r(x,a)
and the next state %, Q-learning performs the update

Q(x/ (/'l) & T(X, a) + ﬁ n’lee}‘})l( Q(J’(\f, al) - Q(x/ a)

where a positive (learning rate) parameter. Recall x & dx means reset
x with x’ such that x’ = x + adx.

To implement this as an algorithm, we assume that we have a se-
quence of state-action-reward-next_state quadruplets {(x;, a;, r;, £)}72,
and we apply the above update to each of the terms in this sequence.

Thrm 113. For a sequence of state-action-reward triples {(x;, a;, 11, £;)};°
Consider the Q-learning update for (x,a,r, %) = (x;,a;, 11, X;)

0

Q1 (x,a) = Qu(x,a) + ay(x, a) (r + max Qi(x',a') — Qilx, a))

if the sequence of state-action-reward triples visits each state and
action infinitely often, and if the learning rate a;(x,a) is an adapted
sequence satisfying the Robbins-Munro condition

[0e]

Y aulx,0) = oo, i 2(x,a) < o0

t=1 t=1
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then, with probability 1,
Qt(xl a) - Q*(xl 11)

where Q*(x,a) is the optimal value function.

Proof. We essentially show that the result is a consequence of The-
orem 7 in Section 3.1. We note that the optimal Q-function, Q =
(Q(x,a) : x € X,a € A) satisfies a fixed point equation

Q=FQ),
with
Fx,a(Q) = IEx,u [r(x, ll) + ,3 max Q(Xz ﬁ)] ’

for each x € X and a € A. We know from Prop 30 that for discounted
programming F'(-) is a contraction. I.e.

IF(Q1) — F(Q)ll < BlIQ1 — Q2 -
Now notice that the Q-learning algorithm performs the update

Qr1(x,a) = Qulx, a) + a(x, a)(F(Q)(x, a) — Qi(x, a) + €(x, a)),
where

€(x,a) = r + fmax Q(X, 4) — Ey4[r(x, a) + p max Q(X, a)]

for (x;,a;, 11, %) = (x,a,r,%). The update above is a Robbin’s Munro up-
date. FurtherbNotice Q(x’,a’) remains the same for all other values
of x,a, the update is asynchronous. It is not hard to see that when
we condition on ¥; the set of previous actions and states that

Ele(xt, a)lF:] = 0
and, a quick calculation shows,? that

Ele;(x;, a:)*|F7] < 215 + 27 max Qi(x, a)* .

max

From this we see that we are working in the setting of Theorem 7
and that the condtions of that theorem are satisfied. Thus it must
be that

Qt(xl a) t—>—oo> Q*(x/ a)
where Q*(x,a) satisfies Q* = F(Q*). In otherwords, as required, it

satisfies the Bellman equation for the optimal Q-function and thus
is optimal. O

2Note (x + y)? < 2x? +2y°
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Q-learning code with learning step and e-greedy exploration.3

class Q_learning (Q_function):
def __init__(self,Ilr=0.1):
self.lr = Ir

def learn(self, state, action, reward, next_state,
done=False, discount=1.):

self .add(state , action)
self.add(next_state)

dQ = reward \
+ discount * self .max(next_state) \
— self[state][action]

if done :
dQ = reward - self[state][action]

self[state][action] += self.lr = ( dQ )
def action (self, state, explore_prob=0.):

if random.random () > explore_prob
return self.argmax(state)
else
Actions = list (self[state].keys())
random_action = random. choice (Actions)
return random_action

Other variants.
We will discuss some variants in separate sections, but we discuss

a few simple variants of Q-learning.

Double @-learning. Double Q-learning, as the name suggests, is
a variation of Q-learning where you maintain two Q-functions QW
and Q® and you update one in terms of the other:

QW (x,a) & r(x,a) + pQ (2, b) - Q¥ (x, a)

Q¥(x,a) & r(x,a) + QP (%, 4) - Q¥(x,0)

3The code is subclass of a dictionary object with .max, argmax, .add methods.
Here .add adds new states or actions to the Q-function.
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where
4 = argmax QW(x,a) and b= argmax QB (x,b).
aeA beA
It's not really clear at first why this should help. The problem
it tries to resolve is this: in traditional Q-learning there is a max-
imization over actions and the Q-factor is a noisy estimate of the
optimal Q-factor. In general, it is true that

E[max Q(%,2)] = max E[Q(%, 4)]

with the inequality being increasingly strict the more random the
Q-function estimate Q(%, ) is.

The reason it helps is the following: suppose A, and B, are in-
dependent identical random variables with mean A for each a € A.
Suppose i = argmax, A, and b= argmax_B,. Notice

E[A;] > max A,

but E[A;t] = A; (here we take the expectation over A given B) so
E[A;] = E[4;] < mbaxAb

In summary, we go from over-estimating the maximum A to under-
estimating. In general, it depends if over-estimating is worse than
under-estimating. However, over estimating tends to occur due to
outliers that can mess up training (particularly if function approx-
imation is being used). So to achieve training with more modest
updates double Q-learning is generally a good idea. Further conver-
gence is guaranteed by much the same analysis as for Q-learning.
(We leave this proof as an exercise for the reader).

Advantage Updating / Duelling. For Q-learning the value func-
tion V which is the largest Q-factor determines the optimal policy.
However, the magnitude of the value function V can differ from the
relative sizes of the Q-factors. Specifically, during training the Q-
factors of several action can get be close to V but V can be really
big. The value of the Q-factor update is dominated by the size of V
and so this can mean sub-optimal actions can often fluctuate above
their true values and thus inhibit convergence.

The idea of advantage updating is to separate our the task of
finding V from the task of finding how much less Q is relative to V.
The difference between V and Q is called the advantage and it is
defined as follows:
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Def 114 (Advantage). For a value function V(x) and Q-factors Q(x, a),
the advantage function is defined by

A(x,a) .= Q(x,a) — V(x), xeX,aeA.

Notice for optimal Q-factors and values, the advantage function
is negative (when maximizing) and equal to zero for optimal actions.
Under a general policy, if the advantage function is positive for some
a then this suggests that improvement to the current policy can be
made by increasing the probability of playing action a.

An advantage updating algorithm does the following steps when
each state action-pair is visited:

A(x,a) «— A(x,a) — Amax(x) (4.5a)
A(x,a) &1+ BV(R) — V(x) + Amax (%) — A(x, ) (4.5Db)
V(%) & AApan(x)/a (4.5¢)

t where Apnax(X) := max, A(x,a) and AAn.x(x) is size of the last change
in the value value of A,.«(x) (from step (4.5b)).

If we take y = a, the following algorithm is really just the Q-
learning algorithm.

Proposition 3. Ify = a then, when (4.5) is applied,

Q(x,a) = V(x) + A(x,a) = Amax(¥), (4.6)
obeys the Q-learning update. Consequently, the policy implied by the
advantage function A(x,a) converges to the optimal policy.

Proof. Clearly,
V(x) = maxQ(x,a). (4.7)

Notice that step (4.5a) of the algorithm sets A.x(x) = 0. Also notice
that any shift in A(x,a) applied equally to all 4 will not effect the
change applied in the update (4.5b). The update (4.5c) ensures that

V(x) = Amax(x) = V(x) = Apax(%) (4.8)

where V and A denotes the values before the update are made. So
here V(x)—Amax(x) stays constant. If we add this to both sides of (4.8)
to the final update (4.5¢) and then apply (4.6) and (4.7) we recover:
Q(x) = V(x) + A(x, ) = Amax(%)
—V(x) + A(x,a) — Apax(x)
+a(r+pV(x) — V(x) — A(x,a) + Amax(X))

= Q(x,a) + +a (r + ‘Bmaax Q(x,a) — Q(x, a)) .
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Q-learning converges under the appropriate step size choice given
in Theorem 113. So since Q(x,a) convergence and V(x) = max, Q(x, a),
V(x) convergences. Thus A(x,a) — Anax from (4.6) convergence and
since An.x = 0 we see that the advantage functions converge, and
these (along with Q(x,a)) imply the policy given by A(x, ) in the limit
is optimal. O

Although advantage updating above is more-or-less identical to
Q-learning, the changes are more pronounced when we later apply
function approximation with a Neural Network. In this situation,
a Q-learning step only applies an update to each state action pair,
but advantage updating applies an update to both V(x) and one
value of A(x,a). Thus each update has an impact on every Q-value
through V(x). The combination of advantage updating and func-
tion approximation have come to be called these are called Duelling
architectures.

References.

This section is based on reading Tsitsiklis [40]. An alternative proof
is given by Jaakkola et al.[22] which applies a slightly esoteric fixed
point method of Dvoretzky.

Double Q-learning is first proposed by Hasselt [20]. The Advan-
tage updating algorithm [with some minor modification to (4.5a)] is
first given by Baird [2]. Both ideas have been successfully applied
with neural network function approximation [43, 44].
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4.4 SARSA

We consider a simple variant of Q-learning called Sarsa. Here SARSA
stands for State, Action, Reward, (next) State, (next) Action. This is
defined as follows.

Def 115 (Sarsa). Under Sarsa, starting in state x take action a (as
say e-greedy from Q), then observe & and reward r(x,%). Next, take
the action for that @ (under the same rule derived from Q. then update

Q(x/ ﬂ) (i r(x/ 56) + ﬁQ(i\:/ ﬁ) - Q(x/ ﬂ)
and continue from state and action %, 4.

Notice, unlike with Q-learning, the value of the update depends
on the policy generating states and actions. For instance, if action
are chosen uniformly at random then the Sarsa update will converge
to the reward function of the randomized policy, while Q-learning
will still converge to the optimal value function.

To account for this we have to let our choice of actions converge
to the optimal action for each state. Such policies are called GLIE
where GLIE stands for Greedy in the Limit with Infinite Exploration.

Def 116 (GLIE). A policy is GLIE if
e each action is chosen infinitely often for every state,

e the greedy action with respect to the Q-function is chosen with
probability 1 in the limit.

The most straight forward choice of GLIE policy is e-greedy (recall
the section on Bandits) where ¢ = 1/N; where N, is the number of
episodes simulated by time ¢.

Given the policy is GLIE and each state is visited infinitely often
then Sarsa will converge to the optimal Q-function.

Theorem 9. For a discounted program, if each state is visited in-
finitely often and actions are chosen by a GLIE policy at each state
then Sarsa converges to the optimal value function with probability 1.

Proof. The proof is much the same as for Q-learning. Note that
Sarsa makes the update

Qua(x,a) = Qulx, a) + a(x, a) {r(xy, ar) + BQr(Xer1, Ar1) — Qe(xr, ar)}
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where here a;(x,a) = 0 for (x,a) # (x;,a4;). Now focusing on x = x; and
a = a;, we can rearrange the above expression as follows

Qre1(xs, ar)

= Qi ar) + a(xy, ap) \1(xe, ;) — ﬁmﬁax Qe(xes1, X) — Qplxy, ﬂt)}

+ ay(xy, at),B [mﬁax Qt(xt+1/~’%—Qt(xt+1/at+1)]

= Qi(x, ar) + ay(xe, ar) [Fr, o, (Qr) — Qi(xy, ar)] + a(xe, a1)0r + as(xy, ar)pe;

where here
Fiu(Q) := Ey[r(x,a) + pmax Q(%, 4)]

which is the same f-contraction used in the proof for Q-learning;
and

Or :=r(xy, ar) + pmax Qx(xir1,4) — Q(x, a) — E[r(x:, a;) + fmax Q(x;, 4) — Q(xt, ar)| Fi]
+ mﬁax Qe(xpr1, ) — Qe(Xps1, api1) — IE[mﬁax Qi(xp1,a) — Qi(xp41, Ap41) | Fi]

where here F, = (x;,a; : s < t) and we note that §; is a bounded
Martingale difference sequence; and

e = E mglx Qi(xtr1, ) — Qe(Xer1, Arr1) E]

which satisfies
e — 0

as t — oo, since Qy(x,a) is bounded (note each update is bounded for
a discounted progrma) and our policy is GLIE (so the probably of
choosing the maximizing action goes to one).

Thus if we define €, = 6; + fe;, then we safisfy exactly the condi-
tions of the Asynchronous Robbins-Munro update 3.5 in Theorem
7, that is

Qt+1(x/ ﬂ) = Qt(x/ ﬂ) + at(x/ ﬂ) [Fx,a(Qt) - Qt(x/ a) + €t]
and by that result, for all x, 4,

Qt(xl a) t—>—oo) Q*(xl 11)
where Q* = F(Q*) or, in other words,
Q*(x,a) = Ey [r(x,a) + fmax Q(£,4)].

So the Bellman equaiton is satisfied and so the limit Q*(x,a) is the
optimal value function. O
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So it is good that we have a convergence proof. However, it is
easy to construct simple examples of GLIE policies where SARSA
does not converge (as states are not automatically visited infinitely
often for GLIE policies)

Remark 117. Consider the following example. Insert Picture
Here there are two actions, and two states with rewards where the
process terminates. Suppose we apply an e-greedy policy with € =
1/N where N is the number of episodes so far. If we assume that
initially Q(x,0) > Q(x, 1) for all x, the probability of visiting state x = 2
is 1/N? and the sum of these probabilities Y\ 1/N? is finite. Therefore
by the Borel-Cantelli Lemuna there can only be finitely many visits
to x = 2 while Q(x,0) > Q(x,1). Thus there is a positive probability
that SARSA will stop visiting x = 2 and thus the Q function will not
converge to the optimal Q-function.
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Function Approximation
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5.1 Overview of Statistical Learning

In this section we overview Statistical Learning which essentially
considers finding good function approximations to noisy data.

We give a fairly general definition of a supervised learning prob-
lem. We assume an output y € Y is a noisy function of an input
xeX

y=f(x)+e,

here € is a random variable with zero mean and we assume that
the function f : X — Y a deterministic function. Notice this implies
f(x) = Elylx]. (Typically X and VY are be finite-dimensional real-
valued vector spaces.)

Data and Loss. Given data D = {(z™,y™):n =1,..,N} and a set of
functions ¥ our goal is to selcted a function / € ¥ that approxi-
mates f. Often the set ¥ will be parameterized with a function fy
for each parameter 0 € R”. We use a real-valued loss function (or
error function) L(y, f (x)) to judge the error between an output y from
an estimate from an input f . A cannoical choice is a quadratic loss
function

L(y, f(x) = (y - f(x))*,

but other choices can be used. Because we are provided with both
input and output data, this setting is called supervised learning.

Goal. Given that the data P is drawn IID with distribution equal to
random variables (£, {/), our ultimate goal is to solve the optimization

min B [L(7, §(2))]
§eF

for a set ¥ that has a low minimum expected loss. However, we don’t
know the distribution of (%, /). So we can only get an approximate
solution of this from the available data 9 and we must determine
what set of functions ¥ makes efficient use of this finite set of data.
What follows is an overview of standard approaches to this problem.

5.2 Linear Regression

Using data (z™,y™), n = 1,..,N, you want to approximate a real-
valued output variable y from a p-dimensional input vector . We
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approximate y by a linear function of «, namely,
0 x = O+ O1x1 + ... + Ogxk .

Here = = (1,x,..,x,). We choose the 6 that gives the least square
distance between y and 0"z for each data point:

N
2
minimize Z (y(") —~ OTm(”)) over 6ec R/,
n=1
Optimal Weights. A short calculation gives that this minimization
is solved by
0=X"X)X"y
where we define the p x p matrix X, by X;; = Y, xl(”)xj.”)
y = (yY,...,y™M)T. Using a singular value decomposition the com-
plexity of finding 8 is O(Np?).

and we define

Optimizing with big N. The inverse, (X" X)™! can involve too much
calculation when N or p is big. An alternative is to do Stochastic
Gradient Descent:

0 —0-a(y”-6Tz")z® .

So we move 0 in the direction of =, one data point at a time. So
we don’t need to wait for our full calculation to get an estimate for 6.
We could also apply asynchronous updates, so we can parallelize is
the number of parameters p get big too.

Basis functions. Linear regression does not need y to be approxi-
mated by linear function of x, nor does « need to be finite dimen-
sional, but we do need a linear relationship with respect to 6.
Suppose for each « we take p different features using the basis
Junctions ¢i(x), j = 1,...,p. We can then perform linear regression on

07 ¢ =0y + 61¢01(x) + ... + 0,0,() .
The least squares distance is given by
0=@ D) DTy

where we define the p x p matrix @, by @;; = Y, ¢;(x™)¢p;(x™).
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Polynomial Regression. A good example is polynomial regression.
Here we can model y as a polynomial function of x, with the basis
functions ¢o(x) = 1, P1(x) = x, Po(x) = 2%, ..., Pp(x) = x*.

Regularization. Often it is important to reduce the complexity of a
model. (We will discuss why you might want to do this in more detail
in the next section.) For linear regression, this can be achieved by
penalizing large values of 0 as follows:

N
2
minimize Z (y(”) - OTa:(”)) + All6IZ  over 6eR.

n= 1 v
penalty term

where (6]} = ¥; 6]2. is the L, norm. This is know as ridge regression
or L,-regularization.! We could use the L; norm

16l =Y 16}l
j

This would be called Lasso or, when applied to other models, L;-
regularization. Notice the contours of the L; norm are diamonds
(rather than circles for the L, norm) so since optimal solutions tend
to end up on the corners of these diamonds, we are more likely to
end up setting some variables to be zero. In this way Lasso controls
the number of variables used in a statistical model.

Regularization and Optimization. When L, regularization is ap-
plied to linear regression this optimal solution now satisfies

0=X"X+AD)'X"y

Notice before we could not guarantee that the inverse (X7X)™ ex-
isted but with regularization the inverse is always defined. It has a
positive effect on numerical stability.

Notice when applying stochastic gradient descent we have

0 — (1-ar)f—a(y" - 07z™)z®

Essentially the (1 —aA) term means we apply a dampening effect on
the stochastic gradient descent update.

'We use ridge regression when applied to linear regression, where L, regular-
ization is the idea of applying a penalty like this to any regression model.
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Notice we do not explicitly limit the range of values of 6 though
we know (from Lagrangian optimization) that adding a penalty such
as A is equivalent to adding a constraint. So essentially we solve the
optimization

N

2

minimize Z (y(”) - HTzc(”))
n=1

subject to [|0]]? < x

over 6 e R\,

In this way we can think of regularization as reducing the complex-
ity of our model. As the number of models that we are considering
if reduced.

5.3 Training, Development and Test sets

Using training, development and test sets and evaluating their error
is one of the most practical ways to get the most out of a machine
learning algorithm.

We want to understand how much loss/error removed in from
our predictions as the amount of data gets larger. The empirical
loss over a data set D is given by

BolL(3, F@)] = 5 Y, L. ).

Here the expectation is taken over the empirical distribution of the
data IPp. Specifically we calculate mean loss over the data.

Given you have a finite set of data, if it is often worth separating
your data D = {(z™,y"™) : n = 1,..N} into a training set, Diain, a
development (dev) set Dqey and a test set, Diain - The training set is
the data that you give to your regression algorithm to fit with. The
dev set you use to evaluate and move around other parameters,
such as the number of features p or the learning rate a (and in
general the size and parameters of your model). While the test set
is a data that keep for later to evaluate your regression fit, once you
have fit your regression model with all of your parameters fixed.
Thus the test set is completely fresh data; it is not seen by your
regression algorithm and you should not use it for choosing model
parameters.
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This is because you may want to test the level of performance of
your regression fit. (In general, it is not good to use data used to fit
the regression model as the regression parameters depend on this
data. In order to get an unbiased evaluation of your regression fit,
it is good to hold some data back for this.)

The development set is sometimes called the validation set. In a
reinforcement learning setting using simulation, i.e. where you do
not have a finite set of data and it is inexpensive to get new data,
you can alway simulate new data for training, developing, testing.

\Error
Test

Training Data

Figure 5.1: Traing Error (red) and Test Error (green) approach the
Asymptotic Error as Data increases.

Here you fit your regression model with the training set, but don’t
use data from the test set. You can then evaluate the training and
test error:

Training Error = By [L(7, f(2))]

Dev Error = Ep,_[L(7, f(£))]

Test Error =By, [L(7, f(2))]
Asymptotic Error = rrbin E[L(9, f(&))]

Further we might have some desired level of performance. We refer
to this as the target error.

The asymptotic error assumes that the data in Dyt and Dirain
are IID samples of a random variable (&, /) with expectation [E . Un-
der this assumption, the asymptotic error is the best fit we can get
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for that regression model.

Which Error is bigger? Notice we expect training error to be lower
than the test and asymptotic area, since a good regression will at-
tempt to minimize the loss of the data that is has seen (while it can’t
do as much with data that it has not seen). The test error should
be higher than the asymptotic error, because the distribution E is
more representative of the training data than the test data. So we
have
Training Error < Asymptotic Error < Test Error

Overfitting. We can think of the difference between the test error
and asymptotic error, as the amount of additional error we intro-
duce by having a finite data set. We could refer to the as the amount
that we have overfit the data:

overfit = Asymptotic Error — Training Error

When this problem becomes chronic this could be referred to as
overfitting (our model is optimizing the individual data points rather
than optimizing the underlying distribution of the data). We do not
usually have access to the distribution generating the data, so we
cannot evaluate the amount of overfit. Instead we have to diagnose
this symptomatically with other metrics such as the difference be-
tween the test and training error, sometimes referred to as the gen-
eralization error:

Generalization Error = Test Error — Training Error

What size should D, and D be? There is no fixed rule and
plenty more could be said here, but a common rule of thumb is to
have 80% of data in your training set and 20% in your test set. Notice
if we are working with simulated data that is easy to compute then
we are less constrained proportioning to our training set.

Error as N increases. See Figure 5.1. In general the training error
increases as the amount of data, N, increases. This because our
fix set of parameters have more points to fit. The test error goes
down, as more the data used for train is more representative of the
true distribution of (&, 7). Both should tend towards the asymptotic
error.

Here we assume 6 is the (optimal) least square fit for the data.
However, if we used stochastic gradient descent, then we would not
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have the optimal parameters for the data so the the relationship be-
tween test and training error is less clear cut. Generally the train-
ing and test error will decrease. If training error decreasing and
test error increase this is a symptom of overfitting (to be discussed
shortly).

Error as p increases. If we let the number of parameters of our
regression model get big, then it is more expressive. Eg. We can fit
more function to a degree 20 polynomial and a degree 2 polynomial.
So we expect the asymptotic error to decrease as we let p get bigger.
A good thing right? Well, no, not always. A degree 20 polynomial
will wiggle around more and thus might not express the underly-
ing structure of the distribution generating the data. See the two
figures below.

[Error
[Error Test

Training
Data. Data,

Figure 5.2: A Simple Model Figure 5.3: A Complex Model

5.4 Bias and Variance.

Consider a statistical learning problem, vy = f(x) + e. We are in-
terested in how well on average our trained regression model ap-
proximates underlying model, this is called the Bias. And we are
interested how much a fitted model is just learning the inherent
variability in the data (rather than the underlying model), this is
called the Variance. For a quadratic loss function, we can give a
conceptually nice decomposition for these terms.
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Bias-Variance Decomposition. Suppose as a function of data D,
we choose an estimate f € ¥. We let f be the expected value of f,

F @) = Eplf (0]

Here the expectation is over a random sample of data 9. The bias
and variance of f at x are given by

bias.(f) = (f¥) - f®)  var(f) = Eo [( F) - f‘(x))z] .

We can also take an expectation over the distribution of £ to get the
bias and variance of f. I.e.

bias(f) = Ef[ (f®) - f®) ],  var(f) = Ens [( F@) - f‘(;e))z].

I.e. in the expectation above, we fit the data 9 and then sample one
more point £ so see how well the fit does.

The bias gives how close the estimator’s mean value f is to the
true value f. The variance of the estimator f gives how spread out
the estimator is against its mean.

The following lemma shows that the mean of the quadratic loss
is the sum of the bias and variance (plus some irreducible random-
ness).

Lemma 12 (Bias-Variance Decomposition).
B (71— F () | = bias(f) + var(f) + varte).
Proof. Since #/ = f(%) + €, we can expand as follows
E|(9-F)|=E|(c+f-F+ -]
= E[¢’] +2E[e]E[(f - f + f - )]

?ur?e—)/ =0, independence and E[e]=0
H(= el NEL - Al 7]
biasx(f) =0 var(f)

=bias(f) + var(f) + var(e) .
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Bias-Variance Tradeoff. We now consider this situation where the
amount of data is fixed and we fit a series of models of varying
complexity. Here consider adding an axis for model complexity to
Figures 5.2 and 5.3 and take a cross section where the amount of
data is fixed. We get a picture like Figure 5.4.

Model C

High Bias Sweet Spot High Variance

Figure 5.4: Training and test error for fixed amount of data.

We see that when we fit a simple model, we are prone to have
high dev and training error which are close together. I.e. High bias
and low variance. If we have a complex model, then we have low
training error, but high dev error. I.e. low bias but high variance.
In the middle, we see there seems to be a sweet spot. This is a better
predictive model for this amount of data.

Notice here we use the Dev set as we using it to decide which
parameters to use. We use the test set at the end to double check
that the fit is good and agrees with the errors given by the dev set.

Informal use. The bias variance decomposition is proven for a
quadratic function. That said we can draw learning curves like
Figure 5.1 and Figure 5.4 for any loss function. Thus often peo-
ple refer to bias and variance more informally often in reference to
some desired error that you wish to target. High bias meaning that
your training error is far from your target error, and high variance
meaning your test/dev error is far from your training error. (Note
that bias and variance here are conflated with asymptotic error and
generalization error from earlier.?)

2These ambiguities appear to be from an attempt to shoehorn the quick and
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Target Train Dev  Diagnosis Remedy
Error Error Error

A. 1% 15% 16% High increase model
bias complexity
with bigger model
B. 1% 0.9% 30% High Get more data

variance if not:
decrease complexity
with regularization.
C. 1% 15% 30% High bias 1st. More data
& variance 2nd. Bigger model
3rd. new model.
D. 1% 0.9% 1.1% low bias stop done.
& variance

Table 5.1: Table of error symptoms, diagnosis and remdey for learn-
ing problems.

Diagnostics. We with stick with the informal terminology from
above. We can use these to form some diagnostics, remedies and a
procedure for getting a good model. (Here we are assuming that it is
relatively straight forward to generate new data and issues such as
convergence to an optimal fit have been resolved.) Below is a table
with some scenarios.

e High bias, low variance: we have fitted a model. Variance be-
tween test and training is low, so we have a good fit, but high
bias suggests the model is not expressive enough to represent
the data. Suggestion is to add more data.

e Low bias, high variance: the test error is low but the training
error is high. This is a sign the model is expressive enough to
fit to the data (maybe too expressive), adding more data will
bring down the variance (and potential up the bias). If there
is no more data, increasing regularization parameter is a good
alternative.

conceptually easy Bias-Variance calculation into the the more deep and general,
but conceptually harder, theory of statistical learning from Vapnik and Chervo-
nenkis — this is out of scope for us for now.
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e High bias, high variance: a bad outcome, basically the model
has not been fitted yet so you should get more data. This
should reduce variance. If this still does not work you could
regularlize to reduce bias. If this does not work you should
consider a new model to get low bias.

e Low bias and low variance: suggest you have a good working
model.

Figure, gives a flow diagram where you go from high bias to low
bias with high variance to a working model. The right handside
discussed remedies for high bias and variance.

—
High Bias /

and Variance High Bias:
/ Bigger model
2nd, Bigger Model \

High Variance
Low Bias:
More data

If not:
Regularize

l

Low Bias &
Variance

Figure 5.5: Flow chart for getting a working machine learning
model.

156



5.5. NEURAL NETWORKS NSW

5.5 Neural Networks

A neural network (or artificial neural network) is a generalization
of regression. A neural network consists of connecting together a
number of artificial neurons.

Neuron. A neuron considers of a number of input parameters x =

(1,xy,...,x,) a weight w is applied to each of these and then this is
applied to a function to give our prediction:

§=flw'x)

The function f(z) is often called an activation function. This is rep-

resented in Figure 5.6
\
% @

Figure 5.6: A Neuron in a Neural network.

Xy
X,
%

Since the amount of data used is typically quite large, neural net-
works are trained using stochastic gradient descent (and a number
of other specialized variants). For this we need to differentiate. We
can differentiate this as follows:
9y ,
8_wj =X ]'f ('wT:c) .

Slight more involved calculations will be used when we consider
networks of neurons. But first let’s quickly consider choices for the
activation function f(x).

Activation Functions. There are various choices of activation func-
tions f. Some common choices are given in Table 5.2

The table shows three rough categories: Binary, linear and max.
Each serves a slightly different purpose. Binary helps for yes/no
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Name Formula, f(z)
Binar 0, forz<0
y 1, forz>0.
Logistic T
Tanh e
Linear z
0, forz<0
ReLU
z, forz>0.
Softplus log(1 + ¢¥)
Max max; z;
Softmax Zi- e]

Table 5.2: List of some activation functions.
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decisions. Linear (and particularly ReLU) is good for gauging the
intensity of an activation (above a certain level). Max determine the
most likely variable. The activations have differentiable analogues
in each category. E.g. the logistic function is differentiable, unlike
the binary function. This allows us to apply stochastic gradient
descent.

Notice, max (and softmax) neurons are not applied to weighted
sums of inputs, like } ; w;x;. They are directly applied to each input
x;. For this reason they are usually only used in the final layers of
a deep neural network.

A Two Layer Network. We now discuss combining neurons to-
gether to make a neural network. Traditionally, a neural network
would have consisted of a set of inputs, a single layer of neurons
and an output layer. See Figure 5.7 for an instance of a two-layer
neural network.

Figure 5.7: A two-layer neural network. Here squares give inputs
and circles are neurons.

Here the inputs are each given to different intermediate neurons.
The output from each intermediate neuron is then fed into an out-
put neuron that then gives a prediction. l.e. Given inputs « and
weights w our prediction 7 is

!
o — £2)((2) 2 — @,
7=f9%=") where z —Za]. w?,
=1
and
@ _ DM ® _ Z (©))
a; = f] (zj ) where z, = k Wy X
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Here f® and w® are the activation functions and weights applied
at the k-th layer. From a theoretical perspective, if [ is chosen suffi-
ciently large then appropriate weights can be chosen to any contin-
uous function bounded function with arbitrary precision. However,
in practice (and maybe in theory too), it is likely some structures
work get a closer approximation with less parameters.

Deep Neural Networks. Due to success in many practical applica-
tions. People often consider neural networks with multiple layers,
I =1,..,I' (Meaning, roughly, between 3 and 300 layers). Here a
layer, /, is a set of activation functions fl.(l), i=1,...,n, and each acti-
vation receives, as input, the output from the previous layer. These
are called Deep Neural Networks. See Figure 5.8.

Figure 5.8: A deep neural network.

As each layer is fed a weighted linear combination of the activa-
tion output from a previous layer we have:

a = f.(l)(z(.l)) where 2z = E a V!
j i j — ]
1

starting initially with the inputs, a50) = x;. (Implicitly we assume one
of the activations is set equal to 1, so that we can have a constant
input). Notice here really what we are doing is repeatedly composing
linear combinations of functions. Notice we do not have any loops
in our networks, i.e. we always work with directed acyclic graphs
(aka. DAGs).

Backpropagation. To train a deep neural network we need to be
able to optimize our weights. To do this different variants of stochas-
tic gradient descent are applied. To apply (stochastic) gradient de-
scent we need gradients. Essentially since a neural network is a
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composition of functions we apply the chain rule from calculus. A
conceptually useful way to organize these chain rule calculation for
a neural network is Backpropagation, which we now define.
Suppose we are given data piece of data (x, y) i.e. an input vector
x and an output number y. We can get a prediction 7 from = by
recursively applying our above formula:
O _ £O (=1,
a; —f]. ( . a; wl.].). (5.1)
starting initially with the inputs, al(.o) = x; and ending up with a pre-
diction i = a!) where I’ is the final output layer of our neural net-

work. We can then evaluate the loss between our prediction and
the observed outcome:

L(y, ).
We need optimize the weights of our deep neural network. Rather
than recursively applying forward the formula (5.1), we must apply

backward a related formula. Hence this takes its name as "back-
propagation". For this, let’s define

_ JL
0= Y a0 and o0 = 2k
: 82].

o _ 4

Note that a¥ = f ? (z(‘l)) and using notation 4 —=, we have that
j /AN j dz{)

az(l+1)
k _ ﬂ.(.l)w(”l).

220 T
]

I.e. we can calculate partial derivatives for layer /+1 from derivatives
of the activations functions at layer /, and notice if we have the

partial derivatives with respect to zj.l) it is easier to calculate the
other quantities that we want. Specifically,

0
8L _ 8Z] 8L _ (1_1)6(1)
c%ugl.) w0t
] 1] ]

Now we can apply to the chain rule to get the derivatives with respect
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to z¥-
i

(I+1)
6(1) _ Z aZk 8L
j 7200 52

Z 40 (l+l)6(l+1) (5.2)

k

Notice once we have obtained the values of each zj.l) in our forward
pass using (5.1) , we can the work backwards using (5.2) from the
final layer to the first to calculate each (5;.1) .

The interactions between these formulas in Backpropagation can
be summarized in Figure 5.9. The key terms and formulas in back-
propagation are summarized in Table 5.3, below.

O}

(l 1) a
7

/E/ )
50 @ / 5(+D
\/4\

Figure 5.9: Forward and backward pass of Backpropagation.

References

Everything on statistical learning, linear regression, bias-variance
and neural networks is by now very standard machine learning.
See Friedman et al. [15], Murphy [30] or Goodfellow [17].
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Backpropagation
Definitions Formulas
Z;l) = ial(.l_l)wg.) a;.l) = f] @(Zj) (forward pass)
a;o) =X 5;1) =D lfl;l)w%:l)él((lﬂ) (backward pass)
60 1= 2 2 050

] g

Table 5.3: Backpropagation Definitions.
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Chapter 6

Reinforcement Learning with
Function Approximation
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6.1. LINEAR APPROXIMATION AND TD LEARNING NSW

6.1 Linear Approximation and TD Learning

First we give the high level idea behind linear function approxima-
tion. Then we give a somewhat informal analysis of TD(0).
For a Markov chain & = (%; : t € Z,), consider the reward function

R(x) := E, |i r(fct)] 6.1)
t=0

associated with rewards given by r = (r(x) : x € X). We approximate
the reward function R(x) with a linear approximation,

R(x; w) = w p(x) = Z W, (x).

&g

Here we have taken our state x and extracted features, ¢;(x) for j
in finite set 7, that we believe to be important to determining the
overall reward function R(x). Interpreting each ¢; = (¢;(x) : x € X) as
a vector, we assume {¢; : j € J} are linearly independent. We then
apply a vector of weights w = (w; : j € J) to each of these features.
Our job is to find weights that give a good approximation to R(x).

We know for instance that R(x) is a solution to the fixed point
equation

R(x) = E.[r(x) + BR(X)], x e X. (6.2)
————
=:Target(x)

The target, Target(x), is an estimate of the true value of R(x; w) Here
the target random variable considered is the TD(O) target. Other
targets can be used, e.g. the term in the sum, (6.1), would be the
Monte-carlo target, and there are various options in between, c.f.
TD(A).

In function approximation, we cannot get the expected reward to
equal its target. So we attempt to minimize the difference between
them. For example

minimize [E, [(Target(x) - R(x; w))Z] .

w

Here the expectation is over p = (u(x) : x € X), the stationary dis-
tribution of our Markov process. We can’t minimize this since we
do not know the stationary distribution y. We can only get samples
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and so we can instead apply Robbin’s-Munro/Stochastic Gradient
Descent update to w

w— w+ a(Target(x) - R(x; w))VwR(x; w).

Just like with tabular methods these updates can be applied online,
offline, first-visit, every-visit.

Analysis of TD(0).

Let’s do an informal analysis of TD(O).

Linear TD(0) Algorithm. For TD(0) our target is r(x)+pR(%; w), where
% is the next state after x. Under a linear function approximation
this gives an update

w — w+ar(x) + fw’ G(2) — w G(x)) ().
we let
g(;w) = (r(x) + pw” $(®) - w" G(x))B(x).

Convergence Result. We argue (informally) that, for this iteration
scheme, w(t) — w* where the limit function ®w" is in a factor of the
best approximation

i} 1
IR - R(w)l|, < mIIR — (R, -
Here we interpret R and R(w*) as vectors R = (R(x) : x € X) and
R(w) = (R(x; w) : x € X). Also, we define the norm above by

IRIE =) p@R@?.
xeX

Average Behaviour. Suppose that our Markov chain & is stationary
with stationary distribution u(x). If we look at the expected change
in our update term we get

E,[g(x; w)]
=Y HEr@eE) + Y Y pEEHPyH) " - dX)PE) w
X X oy

= O"Mr — ®"M[I - fP]Pw . (6.3)
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Above @ is the X X J matrix with entries ®,; = ¢;(x) and M is the
X X X diagonal matrix with diagonal entries given by u(x) . We use
these to define the length J vector b and the J X 9 matrix A, as
defined follows:

A = O"M[I - BP]D and b:=d Mr.

Differential Equation Analysis. So, roughly, w moves according
to the differential equation

dw

— =-Aw+b.

dt v
Now P is the transition matrix of a Markov chain. Since its rows
sum to 1, its biggest eigenvalue is 1. So we can expect that —(I —
BP) is in some sense "negative", specifically it can be shown that
(Pdw) "M(I - pP)Pw < —(1 - ﬁ)||®w||ﬁ. This then implies that

v Av > (1 - p)||@v]P3.

This is proven in Lemma 4 below.

This is sufficient to give convergence of the above differential
equation: take w* such that Aw* = b and take L(w) = %IICDw — Qw|?
then

it L _ *\T _ ") < — _ _ *112
pr VL(w) I (w - w) A(w - w’) < —(1 - p)l[Pw - Dwf;.
Thus we see that R(w(t)) = Qdw(t) —» dw* = R(w*), and since we
assume ¢; are linearly independent w(t) — w".

Approximation Error. Convergence is great and everything, but
we must verify that the solution obtained, w*, is a “good” solution.
First, notice that the reward function R = (R(x) : x € X) satisfies

R =Ty)R), where To(R) :=r + BPR.

This is just (6.2) with R interpreted as a vector and the expectation
as a matrix operation with respect to transition matrix P.

Second, notice the approximation R(w) = (R(x; w) : x € X) that is
closest to the rewards R, is given by a projection, specifically

[(R) := ®(@"MP)'®@"MR = argmin ||R — R(w)|} .
R(w)
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Third, we see the equations satisfied by w* can be expressed in a
form somewhat similar to above expression R = Ty(R). Specifically,
we rearrange the expression Aw* =b

Aw' =b < O"MJ[I - fP]dw* = O Mr
= O'MOPw" = ®'Mr + @' MBPOw"
= Ow' = O[O"MP]'O"M (r + fPDOW") .
SN——

R(w) I To(R*(w))
So, while R satisfies R = Ty(R), we see that R(w") satisfies
R(w’) = I(To(R(w")).

We can use these identities satisfied by R and R(w*) to show that
approximation is comparable to the best approximation of R. Since
T, is a p-contraction and that projections always move distances
closer (both properties are relatively easy to verify, see Lemma 4):

IR - R(w)ly < IR - II(R)[], + [THTo(R)) — TI(To(R(w))ll,
<|IR-II(R)|ly + BIIR — R(w)ll, -

So

. 1
IR - R(w)ll, < ﬂllR — (R, -
Some Formal Analysis. Here are a few formal results that we men-
tion in the discussion above.

Proposition 4. We define|R||, = ¥, u(x)R(x)> and||P||, = sup, P £l /11 £,
a) |IPll, < 1.

b) The TD(0) map is a contraction that is if for functionR : X — X we
let, TR(x) = r(x) + pPR(x) then

ITR, — TRy||, < Bl R: — Rall,

and
ITITR, — TITR, |, < BIIR: - Rll,

where Il is a projection in || - ||,
c)
(w —w)" Eyulg(x;w)] < —(1 - B)[|Pw — Pw'|[; .
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Proof. a) Using Jensen’s Inequality below,

1A = ¥ (Y Puf@) < Y u@ Y Py
X y X y
=) fWP Y Py = Y pf W)’ = I
y X y

N’
=u(y)

In the curly brace, we are using that u is a stationary distribution.
b)
ITR: — TR, = BIIP(Ry — Ro)ll, < BIPIl, 1 By — Roll,

Since, ||P||, <1, the result holds. Further since projections reduce
distances |[[1R||, < [|R]|, the 2nd inequality holds too.
c) From the above calculation in (6.3), we have that

E,[g(x; w)] = ®"M[r + P — [|dw
= O'M[T(dw) — Pw]
= O M[(I-TI) + IT] [T (dw) — dw]
= @' M[IIT(dw) — dw] .
In the third, equality we use that ®7(I — IT) = 0 which holds since I1
is a projection in || - ||, onto the space spanned by ® and thus (I -IT)

is orthogonal to this space.
Now applying the above inequality

(w —w")" E,[g(x; w)]

= (dw — dw*)" M [IIT(dw) — dw]

= (dw — Pw*)" M [[IT(®w) — 1T (Pw*) + Pw* — dw]

— |Pw — D’} + (Pw — Pw")" M [IIT(dw) — 1T (Pw’)]
< — || 0w — Dw'|} + [|Pw — Pw'||, [T (Pw) — T (Pw)|[;
< - [[Pw — Pw'|f} + [|Pw — Dw||, B |Pw — Dw||,

—(1 - p) |Pw — Pw’|[;

In the second equality above, we use that w* satisfied I1T(Pw") =
dw*. The first inequality is the Cauchy-Schwartz inequality. The
second inequality, applies the contraction property from partb). O
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6.2 Linear Approximation and Stopping

We consider an optimal stopping problem as introduced in Section
1.6, and we apply a linear function approximation scheme like in
Section 6.1.

It is not straight-forward to prove that the results of Section 6.1
can be extended reinforcement learning methods like Q-learning.
However, optimal stopping is an example where this is possible.
There are essentially two reasons why:

1. A stopping rule does not interact with the process being esti-
mated. I.e. Changing the stopping rule does not change the
underlying process, which is not true for other MDPs.

2. The Q function has a simple form, like Q = r+p max{7, V}, which
remains a contraction. (For example, if 7,7, f and V are real
numbers then a short calculation shows that |Q'-Q| < IV-V"|.)

This suggests that the analysis done for approximating rewards R
should pass over to optimal stopping problems.

Optimal Stopping Recap. We consider the problem of stopping to
maximize rewards rather than minimizing costs. We briefly recall
that we wish to stop a Markov chain & = (% : t € Z,) with values
in state space X and transition probabilities given by the matrix
P = (P, : x,y € X). Here r(x) is the reward for continuing at state x
and 7(x) is the reward for stopping at state x. We consider the MDP

V(x) = max E, (6.4)

-1
Y (@) + fHE)
t=0

with discount factor g € (0,1). The above maximization is take over
all stopping times 7. The Bellman equation for this problem is

V(x) = max {7(x), r(x) + BE:[V(®)]} .

We view the left-hand expression as an operation on a vector. Specif-
ically, for R = (R(x) : x € X), we let

TR(x) = max {F(x), r(x) + BEL[R(X)]}.
For the value function V, we define the optimal Q-factor by
Q(x) = r(x) + BE[V(x)].
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and we define the operation S on the Q-function vector Q' = (Q’(x) :
x € X) by
5Q'(x) = r(x) + BE, [max {r(%), Q"(£)}] .

The value function V in (6.4) is the unique solution to the Bell-
man equation and moreover an optimal rule is found by letting 7" =
min{t : 7(x;) > V(x;)}. Note by the definitions above V(x) = max{#(x), Q(x)},
see Section 1.6 and Theorem 31 in Section 1.4. So equivalently we
can see that

= min{t : 7(x;) > Q(x;)}

gives the optimal stopping time.

Throughout this section we assume that the Markov chain &
(% : t € Z,) is positive recurrent with stationary distribution u =
(u(x) : x € X).

Function approximation. We approximate the Q-function Q(x)
with a linear approximation,

QU w) = [Pwl, = w () = ) | wihi(x).

v

Here, like before, we have taken our state x and extract linearly in-
dependent features, ¢; = (¢;(x) : x € X) for j in finite set J. These
features should be important in determining the function Q(x). We
then apply a vector of weights w = (w; : j € J) to each of these
features. Our job is to find weights so that Q(x; w) gives a good
approximation to Q(x). We can intepret the Q-function and approx-
imation as vectors with components in X given by Q = (Q(x) : x € X)
and Q,, = ®w where @ is a matrix whose x-th column is given by
o(x) = (¢j(x) : j € J). We we can use this to define a stopping policy
given by
T(w) = min {t : 7(x) > Q(x; w)} .

Since 7(w) does not necessarily induce the same Q-function as Q(x; w”).
We will later consider the operation

SwQ(x) := r(x) + PE[r®)I[r(x) = Pw(x)] + QU)I[r(x) < Dw(x)]]

Think of S,, being the value of following stopping rule 7(w) on the
next step and there afterward following Q. If is immediate that

S, Pw = SOw
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As before it is useful to consider the projection onto the space
spanned by the basis functions ®, namely,

1(Q) := O(O@TMP)'OTMQ = argmin [|Q — Qull} (6.5)
Qu

where as before [|Q|} = ¥,y u(x)Q(x)> and M is the diagonal ma-
trix with diagonal entries given by p(x) for x € X.

Approximation Algorithm. An approximation algorithm is given
by the update

Wyl = Wy + at¢(xt)(7(xt) + Bmax{Q(xi1; wy), F(xe1)} — Qxy; ’wt)) (6.6)

here a; is a step size parameter. Notice this is similar the TD(0)
update given in Section 6.1.
If we let

g(w) = ¢(xs) (r(x;) + pmax{Q(xs1; wy), F(Xe1)} — Qxy; wy))
Then the update (6.6) is simply, w1 = w; + arg(wy).

Average Behavior. If we look at the expected change in g(w) given
x; = x, we get that

E.[g(w)] = ¢(x) | r(x) + B ) Py max {(y) w, F(y)} — p(x) w
y
= (%) (SQu(®) — Qu(¥))

If we look at the average change this induces under stationary dis-
tribution u(x) we get

Eulg(w)] = ) ¢(x)u(x) (SQu(x) = Qu(x))

= O"TMSOw — O" MDw (6.7)

where we use the definition that Q,, = Pw. So the change in the
algorithm is stationary when

0=E,[g(w")] = P"MSOw" — P" MDw"
Rearranging and applying @ to both sides gives
Pw' = O (PTMD) ' dTMSDw
= [1SOw".
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the last part follows by the definition of the projection IT (6.5).

Differential Equation Analysis. The analysis here is essentially
the same as the differential equation analysis in Section 6.1. Again
the change in w(t) is approximated by the ODE

dw(t)

= = —AQw(t)

where now
A(w(t)) = B, [g(w(t))] = ©"M(I - S)D(w — w’).

Note that A is no longer a linear function in w(t). However, similar
to our analysis before — where we argued —(I — P) was spectrally
negative because P is a 1-contraction in ||-||, — we can argue that —(I—-
S) is spectrally negative because S is a contraction. See Proposition

5a). Thus

dL dw T .
i VL(w)E <—(w—-w")"A(w - w).

This implied L(w(t)) — 0 and from this we can argue that w(t) - w".

Approximation Error. If we let 7(w*) be the stopping rule induced
by w* from the above convergence argument then we can argue that
its reward behaves similarly to projecting the optimal policy:

2p
1-p)

The argument is similar to the TD(0) case, previously. However, as
discussed the argument is complecated by the fact the Q-factor for
t(w) is not the same as Q(x; w). The full argument is proven more
formally in (5) below.

Some Formal Analysis. Here we present the main ingredients
applied in this section. (Excluding the differential equation argu-
ment.)

E[V (x0)] - B [Reur) (x0)| < Q" - Q'

Proposition 5.
a) The maps S, I1S and S,,, are -contractions with respect to the norm
I 1l., that is

1. I5Q - SQl, < IQ - Qll, -
2. |T1SQ -~ T15Qll, < BIIQ ~ Q' -
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3. I15wQ = SuQ'll, < BIQ - Qll, -
b)
(w—w")E,[g(w)] <0 Yw # w’
and
]Ey [g(w)]=0

where w* solves the equation

[N(SPw") = dw’
c)

IO
T Q- Qll,

where here it is assumed that the expection is taken with respect to
the stationary distribution of x,, namely p.

E[V (x0)] = E [Re) (x0)] <

Proof. a) part 1 & 2) Since I1 is a projection it is also a contraction.
So
ITISQ — T1SQ’Ml, < ISQ = SQ'll,, -
So it remains to show that S is a contraction, which holds as follows.
ISQ — SQ'|l < BIIP max {7, Q} — Pmax {7, Q'} ||,

< Bllmax {7, Q} — max {7, Q'} ||,

<BIQ = Q'll -
Here we use the fact that |[PR]|, < [|R]|, which we showed in Propo-

sition 4 and a straight-forward calculation that shows that for real
numbers 4, b, c we have |max {a,c} — max{b,c}| < |a — b|.

a) part 3) Recall the definition of S,,. We let F,, be the future value
given by

7(x) if 7(x) > Qw(x),

Q(x) otherwise .

FyQ(x) := {

So 5,Q =7+ fF,Q. Now
”SwQ - SwQ/”y = ,BHPFwQ - PFwQ,”y = ﬁ”FwQ - FwQ,”,u < ﬂ”Q - Q/”y

In the first inequality we use that ||P||, < 1, from Proposition 4, and
the final inequality holds because

IFwQ = FuQI2 = ) 1(0)1Q() = Q)P I[7(x) < Puw(x)]
<) H®I0W - QWP = 1Q - Qll.

175



6.2. LINEAR APPROXIMATION AND STOPPING NSW

b) The following argument relies on the fact that I'lS is a contraction:

(w — w") E,[g(w)]

= (w - w") [P MSOw — O" MOw]

= (w - w") P"M[IISOw — dw]

= (w—w)O"M[IISD (w — w*) — dw + Pw’]

= (dw — dw*)" MIIS (Pw — Pw’) — (Pw — Pw*)" M (dw — Pw*)

< |Pw — Qw’||, [[TISOw — T1SDw|, — [|[Pw — @w*lli

< ~(1 - B)|[Pw — Duwll
In the first equality, we apply (6.7). In the second equality, we apply
that ®™M = OTM(IT + (I - IT)) = ®TMII. (Note IT is a projection with
respect to p onto the space spanned by ® thus [ -ITis orthogonal to
this space). The first inequality above applies the Cauchy-Schwartz

Inequality. The second inequality applies that IS is a contraction.
c)

BE[V (x0)] = BE [V, (x0)]
=E[r(x) — PV (x0)] = E[r (x) — BPV . (x0)]
= |E[Q (xo) — Q. (x0)]]

<1Q - Qall
The last inequality, above, applies Jensen’s Inequality. Thus
E[V (xo)] - E[V}, (x0)] <7 [|Q - Qs 6.8)

Similar to the argument in Proposition 4 we have
I - Q| =lQ - 8§ @w) + 5" (@w) - QL |,
<115Q = S (@w)l, + | (@w") - S7(Q5,),

<BIQ - dwl, + B ||Pw* — QL .

<2B1IQ — Pw'll, + B[lQ - Qi

Here we use that S (Pw*) = dw* = S* (Pw*) and the contraction prop-
erty for both S and S°.
Thus, rearranging the above gives,

—‘B
—5 10— wl,

|0 - Qi
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Applying (6.8) to this gives

2

E[V (x0)] - E[V7, (x0)] < A-py

”Q - T((Q)”p .

References

This section is based on reading Tsitsiklis and Van Roy [42], but
also see Bertsekas and Tsitsiklis [6]. Further approaches to optimal
stopping are discussed in the book of Glasserman [16].
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6.3 Policy Gradients

While almost all of the approaches considered so far in these notes
focus on obtaining the value of each state and action in order to find
an optimal policy. There is a much more direct approach that can be
applied. Here we parameterize the set of policies and differentiate
the objective. We can then simply apply gradient ascent to this to
optimize.

The approach is appealing. However, from a theoretical perspec-
tive, it’'s a thorny issue: we cannot always exclude local minima or
directly guarantee sufficient exploration. Only recently are there
results that give conditions for convergence. Further it is not clear
how data can be reused as is done in Q-learning. With that said,
the results that do exist are elegant and many of the most success-
ful methods in recent years make use of policy gradients.

Parameterized Policies. We let 74(a|x) be the probability that we
choose action a in state x. Here 0 parameterize the set of policies.

For example, a popular choice is the soft-max function:
07 blal)
Ttg(alx) = )

where like in our analysis of linear function approximation, 6(alx)
act as basis functions. However, may other choices exists.

Note that the probability of states and actions « = (xy, ..., xr) and
a = (110, ceey aT_l) is

T-1

ng(TT, ar) = H p(xXealxe, ag)mo(aslx;)

t=0

The expected reward under policy 7y is
R(0) := Eq, [Q@, )] = Y | Q(x, a)mo(x, a)
where
T-1
Q@,a) =) Brix, a)
£=0
Differentiating the Reward Objective. We now cover a number

calctlations where we differentiate the reward objective over 6. These
are summarized by the following theorem.
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Theorem 10 (The Policy Gradient Theorem).
VoR(6) = Ex, [Q(, a)Vo log mo(, a)]

= ]Ene

T-1
Y FQilog ne(atlxt)‘
t=0

where Q; = Y. pr(x,, a5).

Proof. We can differentiate the reward
VoR(0) = ) Q(, a)Voro(w, a)

= Z {Q(x, a)Volog mg(z, a)} mo(x, @)
=E., [Q(&, a)Vglog ny(z, a)] . (6.9)

Thus we can apply stochastic gradient descent on the above objec-
tive by sampling

Q(x,a)Vglog mo(x, a).
Further we note that we can simply the derivative above,

T-1 T-1
Vologme(x, a) = Vo {log H p(xesalxe, ar) + log H ne(atlxt)}
=0 t=0
T-1
= ) Vglogmg(aslx;)
t=0

This calculation is important for reinforcement learning applications,
as we do not need to know p(%|x,a) to calculate the change in the
above likelihood function for our policy.

We will shortly use the following

E[V, log mo(@)] = Y| ng(a|x)v7j$‘|1‘;) -V, {Z n(alx)} -0, (6.10)

a
—_———
=1

and, consequently for s < t,

Er, [r(xs, as) log to(alx;)] = Eq, [r(xs, as)Er, [log mo(a:lxy)lx]] =0 (6.11)
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Finally, we note that we can rearrange the objective (6.9) to ac-
count for the contribution from each individual state and action

(xt/ ﬂt):

= [Q(x, a)Vglog o(x, a)] = E,,

T-1 T-1
( Br(x.,a.) )( ) log ng(atm))]
t=0

s=0

T-1 T-1

~

P’J

:BS]ETle T’(XS, as) 108 n@(atlxt)]

t=0 s

~ 4L

-1

~

-1

b (6 11) s
Yy ﬁ ET[Q [r(xS/ as) log n@(atlxt)]

1

Il
-

S

~

H
= O

=,

0
t=0

B:Q:log 716(%'%)}

as required. O

Further for later use it is worth noting that in the above proof
we also proved the following Lemma.

Lemma 13.
E[Vglog me(dlx)] =0

Here the expectation is taken over 4 not x.
Now we can use our results to design algorithms.

REINFORCE. Given the Policy Gradient Theorem above the REIN-
FORCE algorithm performs the following per episode update

0« 0+yQVy log tg(x, a)
or as a per-visit update update does

0«0+ )/QNQ log mo(alx;)
where Q = Y1, fr(x,,a;) and Q; = Y.L, Br(x,, a).

REINFORCE with a Baseline. By Lemma 13, any function of x can
be added to the REINFORCE update and the mean of the update
will not change. I.e.

E[B(x)Vglog me(dlx)] = 0
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So

T-1
VoR(0) = Er, B (Q: — B(xy)) log 7tg(ailx;)
=0
Although the mean stays the same the variance can be reduced if
we have a decent estimate of the mean of ;. We can do this by
using a temporal difference function approximation for the mean
value of each state

w—w+a(r+pVy(®) — Vi(x) Vi Vau(x) (6.12a)
and we update the policy weights
0 «— 0+ a(Q: — Vu(x:)) Vg log me(dlx) (6.12b)
We implement these updates per step.

Actor-Critic. Notice when we apply the updates above (6.12) the
terms r + fV,(%) and Q; serve the same purpose: they are both es-
timates of the @Q-function for (x;,4;). So we could reduce variance
further by replacing Q; with r + V,,(%). This gives the following al-
gorithm

O« (1 + V() = Vyu(x)) (6.13a)
w — w+ adV,Vy(x) (6.13b)
0 « 0 + adVylog my(dlx) (6.13c)

This algorithm is called an Actor-Critic algorithm. Here we within
of 719 as the "actor" that makes the decisions in the simulation. And
we think of V,, as the "critic" that evaluates the performance of the
actor.

Notice 6 is the TD(0) error. However, any TD update could be
used. For example, in place of (6.13a), n-step TD would use:

O 11+ Pry+ o+ Bry + BV (Rin1) — V(%) - (6.13a)
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Chapter 7

Reinforcement Learning with
Neural Networks
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7.1 Deep Q@-Network (DGQN)

Deep Q-Network (D@N) is a simple adaptation of Q-learning to neu-
ral networks. Recall that Q-learning performs the update

Q(x,a) « Q(x,a) +«a (r +max Q(%,4) — Q(x, a)) ,

where the 4-tuple (x,a,r,%) consist of the current state, action, re-
ward and next state. When we apply function approximation (with
a neural network) to Q-factor, Q,(x,a) for weights w, we must apply
the appropriate gradient descent update:

wew+a (r + max Qu(#, 8) - Qu(x, a))VwQ(x, 7).

Notice this is the natural extension of the TD(0) update under ??.
The application of this algorithm to reinforcement learning has ex-
isted for some time along with its use with Neural Networks. How-
ever, along with progress in deep neural networks there have been
adaptions to this basic scheme that improve stability and perfor-
mance for this basic algorithm. For DQN, these are the use of fixed
targets and experience replay.

Fixed Targets. The basic idea of fixed Q-targets is you fix the
weights w’ and then continue to update a copy of the weights w.
Specifically this leads to the update:

We— W+« (r + max Qu (%, 4) — Qu(x, a)) V.Q(x,a).

After some period of time you reset w’ = w and then continue to
update w and stays w’ fixed at its new value until it is next reset.
It’s not a big change; notice the apostrophe now in the Q-factor that
we maximize. But it helps. Here are two reasons why.

1. Notice the above step corresponds to a stochastic gradient de-
scent step on the objective

E [(r + max Qu (%, ) ~ Qu(x, a))z]

Here, in the context of supervised learning, Q,(x,a) is the pre-
diction for the output given input (x,4) and r + max; Q. (%, 4) is
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the output. In supervised learning the output is fixed in distri-
bution given the input. If the parameter w’ was not fixed, but
was equal to w, then each step would alter the output at each
step some non-trivial way. By fixing Q-targets, we can treat
the reinforcement learning problem as a supervised learning
problem until the next reset of w’. This simplifies the problem
of fitting Q,(x,a) as standard supervised learning approaches
can be to get a good fit.

2. At the point w’ is updated, it holds that
Qu(x,a) ~ r + max Qu (%, 4) .

Thus when we update w’, we are in essence performing a policy
iteration update.

In summaary, fixing Q-targets separates out the problem into a su-
pervised learning task where we update w and a policy improvement
step where we update w’. In this regard it is a very neat idea.

Experience Replay. Experience replay is the idea that we store a
large number (several episodes worth) of (x,4,r,%) in memory and
then we sample from this memory, e.g. at random, and use this
to do a weight update. At every simulation step we add the newest
experience (x,a,r, %) to the replay memory and remove the oldest.

Q-learning which works off-line does not really mind what or-
der data is received. However, stochastic gradient descent tends to
work much better if there is not a high degree of correlation between
steps. Specifically if we send data (&;,a;, 7, £141) in the same order
that it is received from the simulator, then updates might cause
the weights to wander off. (They will come back but essentially we
have added variance to an already noisy process.)

Additional Variations.

Prioritized Experience Replay. The idea here is to rank the 4-
tuples (x,a,7,%) in the replay memory. This is done by recording the
absolute value of the TD error of each (x,a,r,£) in memory and then
forming a ranking from highest to lowest. Recall the TD error is
given by

O =r+ pmaxQu (% a) — Qu(x,a)

184



7.1. DEEP Q-NETWORK (D@N) NSW

There are two basic variants: first, you select the highest ranked
error in memory; second, you select n-th highest ranked according
to a probability:

n—(%
Yooy 1
Here is a parameter a = 0 corresponds to uniform sampling and
a = oo corresponds to highest ranked. In either case you need to
importance sample as we know that an unbiased gradient update
is the same as uniformly sampling. So the basic Q-learning step
becomes:

P, =

B
NPn) oV,Q(x,a).

The parameter g introduces bias, Note if § = 1 then this is the correct
importance sampling, however, it could be argued that earlier in
training you want to care more about the gradient updates for TDs
with large (and probably previously unseen) experience. So taking
B =~ 0 initially and linearly increasing to § = 1 is recommended.
You can also throw caution to the wind and set § = 0, as training
with ultimately be most effected by large TD errors and by biasing
towards these you are attempting to deal with these errors as best
as possible.

w<—w+a(
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Appendix A
Appendix

A.1 Probability.

All results here can be found in Williams [47], except the Martingale
Central Limit Theorem. Here instead see Hall and Heyde [19] and,
for the Functional Martingale Central Limit Theorem, see Whitt [45].

Probability Inequalities

Below, unless stated otherwise, A,, n = 1,2,.. are an events. Xisa RV
with mean yu, variance 0 and moment generating function Mx(0) :=
Elexp 6X]. S, = Y.i.; Xk, where X, are IID instances of X.

P (Q An] < Z{ P(A,) (Union bound)
P(X > x) < g for X >0 (Markov’s inequality)
2
P(IX — ul>x) < % (Chebychev inequality)
P(X > x) < exp{ — max (Gx - 10gMX(6))} (Chernoff Bound.)
2
P(S,, > x) < exp{ - ﬁ} (Hoeffding’s Inequality)
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X>0 = E[X]>0 (Positivity)
fE[X]) < E[f(X)] for f convex (Jensen’s Inequality)
1111, < 11X, forp<g (Minkowski’s Inequality)
E[XY] < [IX]l11Y1l2 (Cauchy-Schwartz)
E[XY] < [IXI1, 1Yl for % + % =1 (Holder’s Inequality)

Probability Limits

Here we assume Aj, A, ... is a sequence of events.
IP(A,, occurs infinitely often) = 0 if Z P(A,) < o0

(Borel Cantelli Lemma)

IP(A,, occurs infinitely often) = 1 if Z P(A,) = o0

and A,, n € N, are independent
(2nd Borel Cantelli Lemma)

Here we assume that Xj, X,,... is a sequence of random variables
(possibly not independent)

IE[XI’!] /I IE[XOO]/ for Xn < Xn+l .

(Monotone Convergence Theorem)

E [lim inf X] <liminfE[X,], forX,>0. (Fatous Lemma)

n—-oo

E[X,] — E[X] for |X,| < Y with EY < o0
(Bounded Convergence Theorem)

Conditional Expectation

In what follows, we assume that X and Y are random variables
which need not by real valued, e.g. X = (X;,X;,...,X;) or Y = (Y; :
teZ,), and Z is a real valued random variable.

Formally the conditional expecation should be defined in terms
of sigma-fields. People seem to get scared of these, so we phrase
these properties in terms of (vectors of) random variables and func-
tions of these random variables.
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E[Z|X] := g(X) such that
E[¢(X)f(X)] = E[Zf(X)] for all f (Def. E[Z|X])

Eg. take g(x) = E[Z|X = x].

E[E[ZIX]f(X)] = E[Zf(X)]
E[Z1Z,|X] = Z1E[Z,]|X] if Z, = f(X) (Taking out what is known)
E[E[Z|X]|Y] = E[Z]|Y] if Y = f(X) (Tower Property)
E[Z|X] = [E[Z] if Z, X are independent
E[Z]|X,Y] = E[Z|X] if Y is independent of X and Z.

(Role of independence)
E[g(X, V)X = x] = E[g(x, Y)] if X and Y are independent.

Martingales and Stopping

We condition with respect to a sequence of random variables, in
particular we let F, = (Xj, ..., X,) (note F, is a function of F,,; so the
Tower Property of the conditional expecation applies).

Suppose M, is a sequence of RVs such that M, is a function of F,
and |[M,| has finite expectation then we say M, is a Martingale if

E[M,|F,-1] = M, (Martingale Property)
Also for supermartingales and submartingales

E[M,|F,-1] £ M, (Supermartingale Property)
E[M,|F,-1] = M, (Submartingale Property)

(note b in ’sub’ points up and the p in 'super’ points down in the
same direction of the process.) We abbreviate 'Martingale’ to 'Mg’.

e If M, is a super-Mg with sup, E[|M;|] < co or M; > 0 then the limit :

My = lim M, exists (Doob’s Mg Convergence Thrm)

n—-oo

e If M, is a positive sub-martingale then

IP( sup M, > x) < EiM] (Doob’s Sub-Mg Inequality)

n<t X
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(This is like Markov’s Inequality)

o If M; is a Mg and f is convex (with E[|f(M;)|]] < o) then f(M)
is a submartingale.

e Suppose M is a Mg and has increments bounded by ¢ then

2
]P( sup M,, > x) < exp{ — Zx_tc} (Azuma-Hoeffding)
n<t

o If Y, is an adapted process (meaning Y; is a function of F; for all t)
then there exists Z; a previsible process (meaning Z; is a function
of F;_ for all t) and Martingale M; such that

Y=Yy + M+ Z; (Doob-Meyer Decomposition)

moreover this decomposition is unique, with probability 1. More-
over, is X; is a sub-Mg then Z; is increasing. Moreover, for any Mg
M; with EM? < co

M? — (M), is a Mg for .

where (M); := Y, E[(M,, — M,,-1)*Fy1].
e If M] is a positive sub-martingale then, forp >1landp?'+4' =1

| sup M;“p < qsup IM{l, = gIMLI, (Doob's £ inequality)

e If M, is a super-Mg with sup, E[|M;['] < co then the limit :
Xy = Xo, w.p. land in L7 (Doob’s L Mg Convergence Thrm)
e For M; a Mg with EM? < co, V¢
M,
(M)
where (M); := Y, E[(M,, — M,,-1)*Fy1].
e Assume M; is a Mg with bounded increments!
M,
VM),
e Assume M; is a Mg with bounded increments
Mnt
(e

IThis condition can be weakened.

— 0 on the event {{M)., = o0} (Strong Law for Martingales)

= N(0,1) (Mg CLT)

‘te [0,1]) = (B;: t€[0,1]) (Mg CLT - vl)
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where (B; : t € (0,1)) is a standard Brownian motion. Or, let M} be a
Martingale for each n and suppose ((M"); : t € [0,1]) = (¢t : t € [0,1])
then

My )
:te[0,1])]=> (B;:t€]0,1 Mg CLT - v2
( NN [0,1]) = (B: [0,1]) (Mg )
Random variable T is a stopping time for F;,, t > 0 if I[T < t] is a
function of F;, i.e. knowing the values of (Xj, ..., X;) is sufficient to
know if T has happened yet or not.
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A.2 Stochastic Integration

e A heuristic look at the stochastic integral.

e heuristic derivation of Ito6’s formula.

What follows is a heuristic proof of Ité’s Formula. (Rigorous
proofs of the exercises are not expected.)

Ex 118 (A Heuristic look at Stochastic Integration). For (B; : t > 0) a
standard Brownian motion argue that, for all T and for 6 sufficiently
small and positive,

Y, (Bus-B)=Br and Y. (Bus—B)Y~T

tef0,6,..,T) t€{0,6,..,T}

Ans 118. The Ist sumis an interpolating sum. By independent incre-
ments property of Brownian motion, the 2nd sum adds IIDRVs with
each with mean 6. Thus the strong law of large numbers gives the
approximation.

Ex 119 (Continued). Discuss why it is reasonable to expect that

Y o(X)(Bus-B) =~ fo (X,

te{0,5,..,T}

and

T
Z p(Xs) (Birs — B’ ~ fo‘ p(Xy)dt.

te{0,9,.., T}

Ans 119. The first sum is approximation from a Riemann-Stieltjes
integral, i.e.

T
fo fidgty~ Y FBs(E+0) - g(0)).

te{0,0,.., T}

So one might expect a integral limit. (This is unrigorous because
Riemann-Stieltjes Integration only applies to functions with finite vari-
ation — while Brownian motion does not have finite variation.)

The second sum is a Riemann integral upon using the approxima-
tion (Biss — B;)* ~ 0 [118].
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Ex 120 (Continued). If we inductively define X; by the recursion
Xt+5 — Xt = G(Xt)(BH_b — Bt) + [J(Xt)(S, t= 0, 6, 2(5,

then discuss why we expect X; to approximately obey an equation of

the form
T T
X, = X, + f o(X,)dB; + f w(X,)dt.
0 0

Ans 120. Sum to gain X1 — Xy and apply approximations from [119].

Ex 121 (Continued). Let f be a twice differentiable function, argue
that

2
f(Xees) — f(X) = [f,(Xf)!l(Xt) + 0()2(0 .

t ]5 + f'(Xp)o(Xy) (Bess — Br)

Ans 121. Apply a Taylor approximation

f(Xirs) = f(X)
=f(X; + 0(X)(Btss — Br) + (X)) — f(Xr)

:f,(Xt) {H(S +0- (Bt+6 _ Bt)} + f//(zxt)

f//(

{6 + 0+ (Bras — B))Y + 0(0)

=f"(Xe) {6 + 0 - (Bras — Br)} + ) 0® - (Bro = By)* +0(0)

In the last equality we use that (Bi,s — By) = 0(6'/?), cf. [118].
Ex 122 (Continued). Argue that
F0Xr) - F(Xo) = f o) + 255 prixlar + f F(X)o(X)dB.

This is It6’s _formula.

Ans 122, Apply an interpolating sum to [121] and then apply [119].

A.3 Gronwall’'s Lemma

We introduce a useful integration inequality due to Bellman.
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Thrm 123 (Gronwall’s Lemma). If f : R, — R, is bounded above on
each closed interval [0, T] and satisfies

T
F(T) < a(T) + fo b(t) f(b)dt A.1)

Jor increasing function a(t) and positive (integrable) function b(t) then

T
f(T) <a(T)exp {f(; b(t)dt}

e The most common choices of 2 and b are constants.

Proof. Consider the function

t
o(t) = e~ b bOs f b(s)f(s)ds,
0
differentiating and applying (A.1) gives

do(t)
dt

t
= —b(t)e” Iy b f b(s)f(s)ds + b(t) f(He” Iy b(s)ds
0
t
< —b(t)e” Iy bds f b(s) f(s)ds + a(t)b(He” [y b(s)ds
0

+ b(t)e b b f b(s) f(s)ds
0

= a(Hb(t)e b YO,

Integrating and recalling that a(t) is increasing gives

T T
— [ byt _ ~ ) bis)ds
e fo b(t) f(D)dt = v(T) < fo a(t)b(t)e dt

T

< a(T) f b(t)e~ b YO 4
0

N -

Thus, applying (A.1) and the above bound
T

A(T) <a(T) + fo b F(t)dt < a(T) + eb 0% 4(T) [1 —e-ﬁb<5>d5]

T
=a(T)exp {I) b(t)dt}.
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A.4 Utility Theory

e Utility functions; equivalence of utility functions

e Relative risk aversion; CRRA Utility and iso-elasticity.

A utility function U(x) is used to quantify the value that you gain
from an outcome x.

Def 124 (Utility Function). For X ¢ R?, a utility function is a function
U : X — R that is increasing, i.e. if x < y component-wise then
U(x) < U(y). The utility of a random variable X is then its expected
utility, EU(X). A utility function creates an ordering where an outcome
X is preferred to Y if EU(X) > EU(Y).

Jensen’s inequality applies to a concave utility:
EU(X) < U(EX)

So we prefer a certain outcome EX rather than the risky outcome
X that has the same mean - This is being risk averse.

Def 125 (Risk Aversion). If the function is concave then we also say
that the function is risk averse. (Unless stated otherwise we assume
that the utility function is risk averse).

Def 126. We say that two utility functions U and V are equivalent if
they induce the same ordering. L.e. EU(X) < EU(Y) iff EV(X) < EV(Y).

Ex 127. Show that two utility functions are equivalent iff V the same
as U up-to an affine transform, i.e.

V(x) =al(x)+b
for constants a > 0 and b.

Ans 127. Define ¢ : R — R s.t. ¢(EU(X)) = EV(X). Let X = x w.p.
and X =y w.p. 4 =1-p. Then

P(pU(x) +qU(y)) = pV(x) + qV(y) = pp(U(x)) + (1 = p)o(U(y))-

This implies ¢ is linear.

194



A.4. UTILITY THEORY NSW

Def 128 (Coefficient of Relative Risk Aversion). For a utility func-
tion U : R — R (twice differentiable) the Coelfficient of Relative Risk

Aversion is
u// (x)

u(x)
Ex 129. You have utility function U. You are offered a bet that in-

creases you wealth w multiplicatively by (1 + X) here X is a “small”
positive is a RV. Discuss why you would accept the bet iff

2EX U’ (x)
= —X
EX2 — ~U(x)
Le. You accept the bet if you mean is large but a large variance makes

this less likely, and the coefficient of relative risk aversion decides the
threshold.

Ans 129. Accept if

—X

Taylor

0 <E[Uw(+X))-Uw)] = E [U’(w)wX + %u”(w)szz].

Def 130 (CRRA Utility/Iso-elastic Utility). A Constant Relative Risk
Averse utility (CRRA) takes the form

2 R#1
U(x) = IR * L
logx, R=1.

Def 131. A utility function is Iso-elastic if it is unchanged under mul-
tiplication: for all ¢ > 0,

EU(X) > EU(Y) iff EU(cX) > EU(cY).
Le. the utility only cares about the relative magnitude of the risk.

Ex 132. Show that a utility function is iso-elastic iff it is a CRRA
utility (up-to an affine transform).

Ans 132. By [127], its immediate that CRRA implies isolastic. Fur-
ther by [127], V¢, U(cx) = a.U(x) + b. for constants a. and b.. Differen-
tiate twice w.r.t. x and divide gives

cU”(cx)  U"(x)

Uex)  U(x)

Set x = 1 and integrate twice w.r.t. c gives the required result.
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