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DIFfUSIony Covfol. PRoBleM

FolL

dX; = ue(Xs, a)dt + 04(Xy, a;) - dB;
Mivimize

i
L(xo) := minimize C(x,,II) := E,, ’ f e~ ey (X, )dt + e *Ter(X7)| (DCP)
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Tie WSB €quifion.

Def 67 (Hamilton-Jacobi-Bellman Equation). For a Diffusion Con-
trol Problem (DCP), the equation

0= nlgll {Ct(x/ a) + d;Ly(x) + py(x, a) - 9 Ly(x) + %[UTU] + O Ly(x) — “Lt(x)-}
(HJB)

INTorive DEeFINITION :

D= MIN {"NST«MAosews st '+ 'DRIFT fol 1S foﬂnuu"j
A



DeriyiNG HSRB €ruation

AN .
Xivs — X = ul(Xy, 14)0 + 04(Xy, 714)(Brss — By)

Coxis.

Ci(x, TT) ~ IE| Z (1= ad)sc(X;, )0 + (1 — ad) s er(Xp) .

te{0,s,..., T—5)

Now 1S AN MDP



Belman) €an s

Li(x) = min {Ct(x/ a)o + (1 - aé)lEx,a [Lt+(5(Xt+(5)]} -

—C—' aceA o j
TH0S
0= Iaréle(\ {Ct(x/a) + %Ex,a [Lt+s(Xiss) — Le(x)] — alEx, [Lt+6(Xt+6)]} -
) XA,
oS Fothula

Lt+6 (Xt+6) - Lt(Xt)

01X, 7Tt)2

~ latL + Mt(Xt/ T(t) s 8xL + axxL 6 + &XL < Gt(Xt, nt) : (Bt+(5 - Bt)



THOS

: a(X;, 14)?
SlEx,a [Lt+6(Xt+6) - Lt(.'X,')] — 8tL + ‘ut(Xt; nt) . axL + t( t t)

SoBLTAUTING BACK  CIVeS

Jrx L

o4(x,a)>

0 = min {ct(x a) + oL + u(x,a) - d L + >

aeA

axxL CKLt(X)}

Aka  THe HSR €om



A MpTCALe PRWCIPLE

Thrm 68 (Davis-Varaiya Martingale Prinicple of Optimality). Sup-
pose that there exists a function L,(x) with Ly(x) = e**Tcp(x) and such
that for any policy I'T with states X;

t
Mt = Lt(Xt) + f e_MCT(XT, H)dT
0

is a sub-martingale and, moreover that for some policy IT*, M; is a
martingale then IT" is optimal and

T
Lo(Xp) = m17r>1]E [f e Y (Xy, o )dT + CT(XT)} .
0
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